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. . . Abstract. The five parameter family of multivariable Askey- Wilson polyno- 

t^~- ' mials is studied with four parameters generically complex. The multivariable 

1 Askey-Wilson polynomials form an orthogonal system with respect to an ex- 

■ plicit (in general complex) measure. A partially discrete orthogonality measure 

is obtained by shifting the contour to the torus while picking up residues. A pa- 
rameter domain is given for which the partially discrete orthogonality measure 

^ , is positive. The orthogonality relations and norm evaluations for multivariable 

q-Racah polynomials and multivariable big and little g-Jacobi polynomials are 
^■f^ ' proved by taking suitable limits in the orthogonality relations for the multi- 

variable Askey-Wilson polynomials. In particular new proofs of several well 
known g-analogues of the Selberg integral are obtained. 

> 

in 
o 
o 

■ 1. Introduction 

I In 1^ Macdonald introduced a remarkable family of multivariable ((7-)orthogonal 

■ polynomials associated with root systems (the so called Macdonald polynomials). 
The Macdonald polynomials interpolate various families of special functions associ- 
ated with groups, such as spherical functions on real semisimple Lie groups {q = 1), 
spherical functions on semisimple p-adic groups (q ~ 0) and characters of compact 

O^' semisimple Lie groups. They also arise as spherical functions on certain quantum 

^ I symmetric spaces (see for instance |29|, |]3l||). 

■ Recent work by Cherednik (see for instance has shown that these 
r> I polynomials are closely related with certain representations of affine Hecke algebras. 

^ . Many properties of the polynomials can be derived by this approach while they 

were first untractable or could only be proved for very special parameter values 
from the (quantum) group interpretation. In particular the explicit evaluations 
for the quadratic norms of the Macdonald polynomials, which were conjectured by 
Macdonald have been proved by Cherednik Q using this approach. 

In this paper we will consider families of multivariable q-orthogonal polynomials 
associated with the non-reduced root system BC. Koornwinder extended the 
three parameter families of BC type Macdonald polynomials to a five parameter 
multivariable generalization of the well-known four parameter family of Askey- 
Wilson polynomials Van Diejen evaluated the quadratic norms of the 
multivariable Askey-Wilson polynomials using so called Fieri formulas. 
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The one- variable Askey- Wilson polynomials contain various interesting families 
of basic hypergeometric orthogonal polynomials as special cases or as limit cases 
(these families are collected in the Askey- Wilson scheme, see |^ , ||2^ ) . In particular 
the Askey- Wilson scheme contains the families of g-Racah polynomials big q- 
Jacobi polynomials [|| and little g- Jacobi polynomials [Q . These three families were 
recently also studied in the multivariable setting. 

The multivariable g-Racah polynomials [ p^ can be considered as multivariable 
Askey- Wilson polynomials for which the parameters satisfy a particular truncation 
condition. In it was shown that they are orthogonal with respect to a finite, 
discrete orthogonality measure. The multivariable big and little g-Jacobi polyno- 
mials can be considered as limit cases of rescaled multivariable Askey- Wilson 
polynomials in which some of the parameters tend to infinity (see [^). In 
it was shown that they are orthogonal with respect to infinite discrete measures 
(which can most conveniently be expressed in terms of multidimensional Jackson 
integrals). The orthogonality measure for the three limit cases was obtained by 
repeating the techniques used by Macdonald for the Macdonald polynomials (and 
similarly by Koornwinder for the multivariable Askey- Wilson polynomials). The 
quadratic norm evaluations for the multivariable g-Racah polynomials were ob- 
tained in iQ by use of Fieri formulas (sec [|l3j for the constant term identity, i.e. 
the quadratic norm evaluation of the unit polynomial). 

In this paper the orthogonality relations and norm evaluations for the multi- 
variable g-Racah polynomials, big and little g-Jacobi polynomials are proved by 
taking suitable limits in the orthogonality relations and norm evaluations for the 
Askey- Wilson polynomials. We proceed as follows. In section 2 the orthogonality 
relations for the Askey- Wilson polynomials obtained by Koornwinder |Q and the 
quadratic norm evaluations obtained by van Diejen [T^ are extended to the case 
where four of the five parameters are generically complex. The extended orthogo- 
nality measure is an absolutely continuous complex measure with weight function 
identical to the weight function considered by Koornwinder p^ , but with a suit- 
ably deformed integration contour. If all the four parameters have moduli < 1 
then the n-torus T" may be chosen as integration contour and Koornwinder 's 
orthogonality measure is recovered. 

In section 3 a residue calculus is developed for the complex orthogonality measure 
of section 2. The orthogonality relations and norm evaluations for the multivariable 
Askey- Wilson polynomials can be reformulated with respect to partially discrete 
orthogonality measures by use of this calculus. 

In section 4 the limit from multivariable Askey- Wilson polynomials to multivari- 
able g-Racah polynomials is studied on the level of the orthogonality measures. A 
suitable partially discrete orthogonality measure for the multivariable Askey- Wilson 
polynomials is rescaled such that certain common poles of the completely discrete 
weights become zeros for the continuous parts of the orthogonality measure. These 
zeros cause the vanishing of the continuous parts of the orthogonality measure in 
the limit. We end up with a finite discrete measure, which is easily recognized as 
the measure of the multivariable g-Racah polynomials. We obtain new proofs of the 
orthogonality relations and norm evaluations for the multivariable g-Racah polyno- 
mials, simply by taking the limit in the corresponding results for the multivariable 
Askey- Wilson polynomials. See pq] for the use of this idea in the one- variable case. 
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In section 5 the residue calculus of section 3 is used to deform the integration 
contour of the orthogonality measure for the multivariable Askey- Wilson polyno- 
mials (cf. section 2) to the n-torus T". We obtain a partially discrete orthogonality 
measure which is positive for a large parameter domain. In particular the parame- 
ter values which occur in the limits from multivariable Askey- Wilson polynomials 
to multivariable big and little g-Jacobi polynomials lie in this parameter domain. 

In sections 6 and 7 these two limits are taken in the (suitably rescaled) positive, 
partially discrete orthogonality measure for the Askey- Wilson polynomials. The 
partially continuous contributions (which are supported on subtori of T") disappear 
in these limits because the corresponding weight functions tend to zero, while the 
support of the completely discrete part of the measure blows up to an infinite 
set. We end up with the orthogonality measures of the multivariable little and 
big g-Jacobi polynomials. The orthogonality relations and norm evaluations for 
the multivariable little and big g-Jacobi polynomials are obtained by taking limits 
of the corresponding results for the multivariable Askey- Wilson polynomials. The 
rigorous proofs of the limits of the orthogonality measures are postponed to section 
8 and 9. 

The constant term identities which are obtained as special cases of the quadratic 
norm evaluations for the multivariable little and big g-Jacobi polynomials reduce 
to well known g-analogues of the Selberg integral. The c onst ant term identity 
for the multivariable little g-Jacobi polynomials (Corollary 6.5) is known as the 
Askey-Habsieger-Kadell formula (see Q , , |^ ) and was proved in full generality 
by Aomoto The constant term identity for the multivariable big g-Jacobi po- 
lynomials with one of the parameters discrete (Corollary 7.7) was conjectured by 



Askey yj and proved by Evans 1 15 . The constant term identity in the general form 
(Corollary |7.6| ) is equivalent to Tarasov's and Varchenko's constant term identity 
1^ Theorem (E.IO)]. 

The method of proving the orthogonality relations and norm evaluations for 
the one-variable g-Racah, big and little g-Jacobi polynomials by considering them 
as limit cases of the Askey- Wilson polynomials was discussed in detail in p6[ . 
Although the computations are much more involved in the multivariable setting, 
the techniques we employ here are essentially the same as in the one-variable case 

(cf. 

Finally let me note that the starting points in this article are the orthogonal- 
ity relations and the Fieri formulas for the five parameter family of multivariable 
Askey- Wilson polynomials, together with an explicit second order g-difference oper- 
ator which diagonalizes the multivariable Askey- Wilson polynomials (see the proof 
of Theorem ^^). A complete proof of the Fieri formulas is at present only published 
for a four parameter subfamily On the other hand, the affine Hecke-algebraic 
approach to the study of orthogonal polynomials related to root systems as men- 
tioned earlier in the introduction can in fact be worked out for the complete five 
parameter family of multivariable Askey- Wilson polynomials (this is announced 
in ||2^ and worked out in more detail in |^). As van Diejen remarked in [|2[ 
note added in proof], this approach turns out to imply all the results in |12 for 
the complete five parameter family of multivariable Askey- Wilson polynomials. In 
the proof of Theorem |2.6| the explicit Fieri formulas for the complete five param- 
eter family of multivariable Askey- Wilson polynomials are therefore used without 
further addressing this matter. 
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Notations and conventions: We write N = {1, 2, . . . }, No = Nu{0}, C* = C\{0} 
and R* R \ {0}. Empty sums arc equal to 0, empty products are equal to 1. In 
order to keep the notations transparent, we will omit in formulas the dependance 
on parameters if it is clear from the context. In this paper n denotes the rank of the 
BC type root system (i.e. the multivariable orthogonal polynomials which we study 
in this paper depend on n variables z = {zi, . . . , z„)). We use the convention that a 
function h{z) for which a definition with respect to the n variables z = {zi,. . . , Zn) 
is given, should be read with n = m if it follows from the context that z G C™. If 
h{z) appears in formulas with z G C™ and m = 0, then h{z) should be read as 1. 
Throughout this paper, we fix a g G (0, 1). 

2. AsKEY- Wilson polynomials for generic parameters values 
We first introduce some notations. The q-shifted factorial is given by 

("'^)''^=(l5rfc' («;9)oo:=n(i-'?''^)' 

provided that aq'' ^ {g~*^}fe6No- For b = k € No, we have (a; gr)^ = ni=o^(l ~ ^1^)^ 
which is well defined for all o G C. We write furthermore 

m 

(2.2) {ai,--- ,am;q)i,-='[[{aj;q)h 

j=l 

for products of q'-shifted factorials. 

Let S be the group of permutations of the set {1, . . . , n} and W = S K {±1}" 
the Weyl group of type i?C„. Let zi,... ,Zn be independent variables, then W 
acts in a natural way on the algebra A := C[zf^, . . . , z^^]. We denote for the 
subalgebra of PF-invariant functions in A. A basis for A^ is given by the monomials 
{mx I A G A}, where A := {A G NJf | Ai > . . . > A„}, and 

mx{z) := zf" 
newx 

with = ' . . . z^". The W^-orbit of A G A c Z" is with respect to the natural 
action of W onZ"-. 

We write t = {to,ti,t2,ts) for the four tuple of parameters to,ti,t2,ts. We 
assume in this section that tGV, where ^ C is the following parameter domain. 

Definition 2.1. Let V be the set of parameters t G (C*)* for which 

#{arg{ti), arg{tf) | i = 0, 1, 2, 3} = 8 

and for which totit2t3 ^ M>i. Here arg{u) G [0, 27r) is the argument o/u G C* and 

M>i := {r e K|r > 1}. 

For t€V we define af = af (t) by 

(2.3) af:=^^^^, iG {0,1,2,3}. 

Note that af ^ 0, 1/2 and that =1 — af for all i. 

The (in general complex) measure which we will introduce in this section is 
supported on a suitably deformed n-torus C" C C", where C C C is the following 
deformation of the unit circle T. 
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Definition 2.2. We call a continuous rectifiable Jordan curve C = (/)c([0, 1]) C C 
a deformed circle if C has a parametrization (f>c of the form 

(2.4) (f>cix) = rc(a;)e2-- {x G [0, 1]), : [0, 1] ^ (0, ^) 

and if C is invariant under inversion, i.e. C^^ :— {z^^ \ z G C} — C . For t G V , 
we call a deformed circle C a t-contour if the four parameters to, ti, ^2, ^3 o,re in the 
interior of C . 

For a deformed circle C = (/'c([0, 1]) the radial function rc satisfies rc(l — x) = 
{rc{x))~^ since C = C~^. Since a deformed circle C is by definition a closed 
contour, we furthermore have that rc{0) = rc(l/2) = rc(l) = 1. Note that the 
unit circle T is a deformed circle with = 1. U t£ V and C is a t-contour, then 
the radial function rc satisfies the extra conditions 

rc{a+)>\t,\, zG{0,...,3} 

since ti is in the interior of C for all i. In particular the unit circle T is a t-contour 
if \ti\ < 1 for all i G {0,... ,3}. We will use the convention that a deformed 
circle C is counterclockwise oriented (i.e. has the orientation induced from the 
parametrization (pc) when we integrate over C. 

Let t G (0, 1), t G y and let C be a deformed circle such that tiq^ ^ C for 
i G {0, . . . ,3} and j G Nq. Let di'{z; t; t) be the measure on C" given by 

dz 

(2.5) diy{z;t;t) := A{z;t;t) — 

for z G C" with ^ ■= ^ ■ ■ ■ ^ and with weight function A(2:;t;t) given by 

(2.6) A(z;t;t)= [f[w,{zj;t)] S{z;t), 



with Wc(a;; t) given by 

(2.7) Wc{x;i):^- _ 

[tax.tox ^,tix,tix ^,t2X,t2X 1, tax, tax ^q)^ 

and S{z;t) given by 

(2.8) 5{z;t) := {^iZj, Zj, z.zj'^ , z:^^ z~^;q) ^, t = cf . 

l<i<j<n 

The factor Wc{x;t) is exactly the weight function which occurs in the continuous 
part of the orthogonality measure for the one-variable Askey- Wilson polynomials 
|6). The interaction factor d{z;t) is only present in the multivariable setting (i.e. 
when n > 1), so in particular the measure is independent of the deformation pa- 
rameter t when n — I. 

The measure dv{.\t;t) on C" is well defined, since the poles of A(.;t;t) do not 
lie on the integration domain C". Indeed, the poles of the weight function A(z; t; t) 
lie on hyperplanes 

(2.9) Zi = t.^q' or Zi = t:;^q~^ 

with m G {0, . . . , 3}, j G No and i G {1, . . . , n} (the poles coming from Wc{zi)) and 
on hypersurfaces 

(2.10) zl^zl' ^t-^^q-'^ 
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with I < k ^ I < n, j e No and Cfe, e/ G { — 1, 1} (the poles coming from 6{z;t)). We 
have z ^ C" for a pole z of the form ( |2.9| ) since = C and the assumption that 
Uq^ ^ C {i & {0, l,2,3},j G No) and it follows from the definition of a deformed 



circle C that z C" for a pole z of the form (2.1C). 

In this section we will study the orthogonal polynomials related to the complex 
measure {C'^,dv{.]t]t)) where C is an arbitrary t-contour. We first show that the 
measure dh'{.;t;t) is independent of the t-contour C when integrating against W- 
invariant Laurent polynomials. In order to obtain this result, we first define specific 
subsets of (C*)" on which the interaction factor S{.;t) is analytic. 

Let C, £ be deformed circles, with parametrization given by (j)c{x) = rc(a;)e^'^™ 
respectively 4>ir{x) — r();(x)e^'^". Let A'^{C, £) be the open subset 

(2.11) A+{C, £) {x e [0, 1] | rdx) > rc(x)} C (0, 1). 
Set 

(2.12) n{c, £) := n+{c, £) u n+ic C) u c, 

where r2+ (C, £) is given by 

(2.13) n+{CX)-= U {y(^y^'"\rcix)>y{x)>r^ix)}. 

xeA+(C,€) 

The following properties of il{C, €.) C C* follow easily from the definitions: 

We will use, in view of (i), the notation = n{C,(t) when it is clear from the 
context which pair of contours C, £ is meant. 

(ii) n-^ = n. 

(in) The contour C can de deformed homotopically to £ within CI. 

We call ri C C* the domain associated with the pair (C, £). We write On/(r2") 
for the ring of W-invariant functions / which are analytic on . We have now the 
following crucial lemma. 

Lemma 2.3. Let t e (0, 1) and let C , £ he deformed circles satisfying the condition 
trc{x) < re{x) for all x e A+{C,€). Then 5{.;t) G Owi^^")- 

Proof. Let C, £ be deformed circles satisfying trc{x) < rg;(x) for all x e A+(C, £). 
Let z G (C*)" such that z'j^z^^ = t~^q~^ for some j e No, some k ^ I and some 
efe,e; e {il}- Write f3k '■= arg(zfc)/27r and f3i := arg(z;)/27r. For the proof of the 
lemma it suffices to show that either Zk ^ fl ot zi ^ fl. 

As an example, let us check that either Zk ^ oi zi ^ il when e (C, £) 
and ZkZi — t^^q^^ for some j G No. We then have Pk — I — (3i and /?; G ^^(£, C), 
so in particular rc{(ik) — rciPi)^^, r^{l3k) = rdPi)^^. Suppose that zi G il, then 

\zk\ = t-^q-^z-'\ > q-H'\^{Pk) > q~'rc{Pk) > rciPk), 

hence Zfc ^ f2. All the other cases are checked similarly. □ 



Lemma 2.4. LetteV,te (0, 1) and f e . Th 



en 



(2.14) JJ fiz)diyiz;t;t) 

is independent of the choice of t- contour C. 
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Proof. Write iV/(C) for the integral We have to show that Nf{C) = Nf{€) 

for arbitrary pairs of i-contours (C, £) . 

Let C be the collection of pairs of t-contours (C, £) for which A^{C,€.) is a 
finite disjoint union of open intervals and for which trc{x) < r^{x) for all x £ 
A+(C, €). Fix a pair (C, £) G £ and let be the associated domain. Since the four 
parameters ^0,^1,^2,^3 are in the interior of C and £, we have 'Wc{-]t) S 0{±i}(r2), 
and by Lemma we have (5(.;<) G 01^(1^). So Cauchy's Theorem implies that 
Nf{C)^Nf{<i). 

Suppose now that (C, £) is an arbitrary pair of t-contours. Then there exists a 
finite sequence of t-contours Co,Ci, . . . ,Cs such that Co = Cs = C and such 
that (C, Ci_i) G C for aU i G {1, . . . , s}. It follows that A^/(C) = A^/(C:). □ 

We define for parameters tCzV and i G (0, 1) a symmetric bilinear form (., ^ on 
A"^ by 



(2.15) (/, g)^^, := j j f{z)g{z)di.{z; t: t), f,g 



eA 



w 



where C is an arbitrary i-contour. The bilinear form (2.15) is independent of the 
choice oft-contour C by Lemma 2.4, An important tool for studying orthogonal 
polynomials with respect to the bilinear form is an explicit second order 

g-difference operator D = Dt^t which preserves the algebra A^ and which is sym- 
metric with respect to the bilinear form (.,.)^^. The second order (/-difference 
operator D was introduced by Koornwindcr ||2^ and it is explicitly given by 

n 

(2.16) ^ := E - Id) + q^J{z){Tr - Id)) , 

where Tj^ is the g^^-shift in the jth coordinate, 

± n „±i, 
j 



{Tj f) (z) := f{zi, ... , Zj^i,q ^Zj,Zj+i, ... , Zn) 
and the functions (j)'^ {z;t;t) and (l)J{z;t;t) are given by 

<^nz; t; t) := ntc£-t.^.) TT (l-tz^zMytz-'z,) 
^ ^ 1 - ^? 1 - 9^? (1 - ziz.) 1 - z-'z,) 



order on A is defined by 



(l-z2)(l-gz2)i^i il-ziz,){l~z-'z,) ' 

cl)Jiz;t;t) :=0+(z-i;i;O, 

= {z^^ , ... , z^^). The BC type dominance 



(2.17) fi<X ^ E^J^E^J (i = l,...,n) 

i=i i=i 

for A, /i G A. Koornwinder proved the following triangularity property of D (see 
24, Lemma 5.2] and the remark after Proposition 4.1]). 

Proposition 2.5. Let A G A. For arbitrary t G C and t ^ C we have 

(2.18) Dmx = ^ Ex^^m^ 
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with E\,f^{t;t) G C depending polynomially on t and t. The leading term Ex^\{t]t) 
will be denoted by Ex{t]t) and is given by 

n 

(2.19) Ex{t;t) := ^ {q'hot,t2t3t^"-'-\q^^ - l) + t^-^{q-^^ - 1)) . 

i=i 

In particular D maps into itself. The other property of D which we already 
mentioned is the symmetry of D with respect to the bilinear form .), i.e. 

(2.20) (Dt,tf,g)^^^^{f,Dt,t9)^^^, f,g^A'^ 

for parameters t G V and t S (0, 1). Koornwinder Lemma 5.3] proved ( ^.20 ) 
for parameters t wit h \ti\ < 1 (then the unit circle T can be chosen as i-contour). 
By Proposition |2.5| , ( ^.20 ) follows for i S y by analytic continuation. 
We define explicit expressions J\f{X;t; t) for A G A by 

(2.21) M{X;t;t):^ Tn\N+ (A; t; t)N- (A; t- 1) 
where A/'+(A) := 7V+(A;t;t) is given by 

11 {q^^~H^-Hotit2t3,q^n^-Hoti,q^'t^-Hot2,q^'t^-Hot3;q)^ 

(2 22) 

- ' {q^^+^''-H^^-^-Hot,t2t3,q^^-^H^-^;q)^ 

' i<r<k<n {Q^'+^''^t^''-'-''+^totit2t3,q^'-^-t'^-^+^;q)^' 
and (A) := 7V^ (A; t; t) is given by 

[q^^H^(^--)tot^t2t3;q)^ 



A/-- (A) :=n 



LI [q>^. + Hn-^^qKp^~^t^t2,q^^t''-Hlt3, q^^t^~H2t3\ q) ^ 

(2 23) '~ 

^ ■ ^ „ (q^^+^H^''-^-''totit2t3,q^^-^>'+^t''-^;q) 

11 



l<j<k<n {q^^+^''t^''-'-''^^totit2t3,q^^-^''+H'^-^-^;q)^' 

The following theorem extends the results of Koornwinder in (the orthogonality 
relations for the multivariable Askey- Wilson polynomials) and van Diejen in [^2] 
(the quadratic norm evaluations for the multivariable Askey- Wilson polynomials) 
to parameters i S F (in |2j] and |l^ the results were obtained for a parameter 
domain such that \ti\ < 1 for all i). 

Theorem 2.6. Let t^V and t G (0,1). There exists a unique basis {P\{.]t] t)}x^K 
of such that 

(2.24) Px{-;tt)^mx + ^cxAht)mt^^ cxAt^t)eC 

fj.<X 

(2.25) iPx{-;t;t),P^{-t;t))^_^ = z/ ^ 7^ A. 

Furthermore, P\{.',t]t) is an eigenfunction of Dt^t with eigenvalue E\{t]t) and we 
have the explicit evaluation formula 

(2.26) (PA(.;i;i),PA(.;i;i)),_, - AA(A;t;t) 
for the quadratic norms of the polynomials P\ . 
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Definition 2.7. We call P\{-;t;t) the monic multivariable Askey-Wilson polyno- 
mial of degree A. 



We end this section with a sketch of the proof for Theorem 2.6 using the tech- 
niques of Koornwinder |Q and van Diejen For more details, we refer the 
reader to these two papers. 

We fix arbitrary ^ v G A. It is sufficient to prove the existence and uniqueness 



of a set of VF-invariant Laurent polynomials {P\{-',t;t)}\<i, satisfying (2.24) and 
( p^ ) for A, /i < 1/ and to prove the remaining assertions of the theorem for the 
polynomials {P\{-;t;t)}\<i,. 

We first define the polynomials {P\}\<i, for a dense parameter domain Ui, C 
V X (0, 1). The subset Ui, is by definition the set of parameters {t, t) & V x (0, 1) 
such that Ef,{t;t) ^ Ex{t;t) for all X, fi < ly, X ^ fi. Note that C V x (0,1) 
is open and dense since the eigenvalues {E\{t;t)}\^A are mutually different as 
polynomials in the parameters t, t. 

The polynomials P\{.;t;t) £ for {t,t) e and A < v arc defined by 



(2.27) Pxi-;t;t):^ \Yl 



^Exitjt) - E^{t;t) 



mx 



(cf. l25l], |p5|). By Proposition 2.5, P\{.\t]t) is the unique eigenfunction of D 



t,t 



with eigenvalue E\{t,t) which satisfies (2.24), and by the symmetry of D (2.2C) we 



obtain the orthogonality relations (2.25) for the polynomials {P\{-]t\t)}\<i, and 
for parameters (t , t) 



Next we establish th e qua dratic norm evaluations ( 2.26 ) for {P\{-\t]t)}\<,^. In 
the special case A = 0, dH) reduces to 

(l,l),,=AA(0;t;i) 
(2-28) =2"n!n. (M^— ^ii^^^a; g)^ 



Li (^^ g)^ no<,<fc<3(i"-^^.ifc; 9)00 

which was proved by Gustafson jl^ for parameters t e (0, 1) and t G with 
\ti\ < 1 (since then the torus T can be chosen as i-contour). The second equality 
follows by a straightforward computation (see also |2^). By analytic continuation, 
( 2.2§| ) is valid for parameters t € (0, 1) and t£V. 



For general A, van Diejen [ [12[ proved explicit Fieri formulas for the renormalized 
Askey-Wilson polynomials 

j\f+(()] " 

(2.29) px{.;tjt):=c{X;t;t)P^{-t;t), ciX;t;t) :^ j^^JJitot^-^)^' . 

Note that the renormalization constant c(A; t; t) is a rational expression in the 
parameters t, t. The Fieri formulas for p\ are explicit expressions for the coefficients 
S^\fi;t;t) in the expansions 

(2.30) Eriz;t;t)px{z;t;t) = ^ d'^;\p;t;t)p^{z;t;t), (r = l,...,n) 

where {Er(z;t;t)}''^^i are explicit algebraic generators of the algebra of VF-invariant 
Laurent polynomials and where w„ := (1, • . ■ , 1) G A is the nth fundamental 
weight (see 112] for the explicit formulas, or [Ol Appendix B] where the notations 



are closer to the ones used in this paper). Since everything in (2.30) depends 
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rationally on the parameters (t, t), we may view ( ^.30 ) as an identity in the algebra 



of W^- invariant Laurent polynomials over the quotient field C(t, i), where t,t are 
considered as indeterminates. 

The Fieri formulas and the orthogonality relations for the renormalized Askey- 
Wilson polynomials with real parameters ti and \ti\ < 1 allowed van Diejen to 
reduce the the norm computation for arbitrary A to the case A = 6 A. Gustafson's 
evaluation ( 2.28| ) then completes the evaluation for general A. 



Exactly the same reduction can now be done for the norm evaluations of the 
polynomials {p\{-;t;t)}\<i, for parameters {t,t) e U^. Indeed, by taking a dense 
subset of Ui, if necessary, we may assume that for all {t, t) G C/^ the following con- 
ditions are fulfilled, 

(i) the Askey- Wilson polynomials P\{-\t\t) are well defined and mutually orthogo- 
nal with respect to (., ^ for A < -I- w^, 

(ii) the renormalization constants c(A; t] t) are well defined and non zero for A < 

(iii) the Fieri formulas ( 2.3C| ) are valid for all \<v. 



The quadratic norm evaluations for the polynomials {p\{-;t\ i)}\<u with parameter 
values (t, t) G Ui, can then be reduced to the case A = using exactly the same 
arguments as in Theorem 4]. The extension of Gustafson's result ( [2.28 ) then 



completes the proof of ( p. 26]) for {P\{.]t;,t)}\<,i, and {t,t) e U^- 



Now note that the functions 
(2.31) (i,i) ^ A/'^(A;t;t) : F x (0, 1) ^ C 

are well defined continuous functions which do not have zeros on the domain V x 
(0, 1). This is immediately clear except for 7V+(A) with A e A and A„ = 0. But then 
the expression for can be simplified, similarly as the simplification of the 

expression for in ( |2.28 ), from which it follows that (A; t; t) is a well defined. 



continuous function of (t , t) G F x (0, 1) without zeros. It follows in particular that 
the quadratic norms of the polynomials {^'a(-; i; t)}A<i/ are non zero for (t, <) £ U^- 



Hence (2.24) and (2.25) for X, fJ, < v uniquely characterize the set of polynomials 
{Px{-;t;t)}x<^ when {t,t) e U^. 

It follows that the Askey- Wilson polynomial Pa satisfies the following Gram- 
Schmidt formula, 

{mx,Pf,{.;t;t)) 

(2.32) Px{z;t;t) = mxiz) - ^ _,^-_^P^(z;i;t) 



for {t, t) G Ui, and A < v. By induction, we conclude from ( p.32| ) that the coefficients 



ca,/j : C/jy ^ C in ( |2.24[ ) uniquely extend to continuous functions cx^^ : F x (0, 1) ^ C 
for all < A < z^. (Compare with the proof of Froposition 6.3].) Hence 
existence and uniqueness of {P\{-]tT't)}\<v as well as the other assertions follow 
now by continuity for all (t, t) y. (0, 1). This completes the proof of the theorem. 

Remark 2.8. For n = 1 the polynomials {P\{z]t) I X e No} are independent of t 



and are known as (monic, one-variable) Askey-Wilson polynomials. Theorem 2.t 
reduces to the orthogonality relation and quadratic norm evaluation stated in [|6| 
Theorem 2.3]. The polynomials P\{z;t) (A G No) can then be given explicitly in 
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terms of the basic hypergeometric series 

, ( ai,...,as+i \ (ai, . . . , fls+i; g)m „ 



hi,... ,hs ' ' y (61,... ,bs,q;q)r 

^ooo\ T> f ^^ {toil, tot2, tots; q)x . fq-^, q^-^tQtit2t3, toz, toz-^ 
(2.33) Px{z;t) ^ 403 ,, ,, ,, ■,q,q 

^0 1*0^1^2^39 ^gjA V toh, tot2, tots 

(see 1^ for details). The renormalized Askey-Wilson polynomial pxiz;t) ( ^.2£ ) 
t/ien exactly the 4^3 part 0/ ( 2.33| ). 



IS 



The renormalization constant c(A; i; t) (2.29) is easily seen to be regular and non 



zero at {t,t) G V x (0,1) for all A G A. Hence the renormalized Askey-Wilson 
polynomials {p\{z;t;t)}\^\ form an orthogonal basis of with respect to the 
bilinear form (., ^ for all parameter values {t, t) E V x (0, 1). 

3. Residue calculus for the orthogonality measure dv 

In this section we develop for specific pairs of deformed circles (C, £) a residue 
calculus for integrals of the form 

(3.1) j^JJ fi^)d.iz) -j^JJ mAi./i, f e o^m 

when C" is shifted to Here C C* is the domain associated with the pair 
(C, €.) . We will develop the residue calculus for pairs of contours (C, £) such that 
the poles only depend on q,t and one of the four parameters <0j*ij*2,i3- By the 
symmetry of A{z;t;t) in the parameters to,ti,t2,t3, we may assume without loss 
of generality that the poles only depend on q,t and to. We use in this section the 
notations of Definition ^.2\ So for a deformed circle C, we write cj)c{x) = rc{x)e'^'^^^ 
for its parametrization. 

We fix in this section t e (0,1) and ii,i2,*3 G C* such that \ i — 



1, 2, 3} = 6 {af given by (2.3)). We simplify notations by omiting the dcpcndance 
on the parameters ti,t2, ts and t in this section. For instance, we will write wdx: to) 
instead of wdx'jt), etc. In the next definition, we introduce the pairs of contours 
for which we will develop the residue calculus. 

Defi nit ion 3.1. Let to G C* such that t = (io, ii, ^2, ^3) G V (V given by Defini- 



tion 2J_). A pair of contours (C, £) is called a (n, to) -residue pair if C and € are 



deformed circles such that 



(i) the subset A~^{C,(t) ( 2.11 ) is an open interval for which G yl+(C, £) but 
af<^A+{C,<t) (i = 1,2,3); 

(ii) t,q'' ^ C U £ /or r G No and i E {0, . . . ,3} ; 

(iii) totPq'' i€ forpE {-1, . . . ,n - 1} and r E 1. 

Note that a (n, to)-i'esidue pair (C, £) is a (r, to)-i'esidue pair for all r E Nq with 
r < n. We define now the measures dvr{z;to) {r — 1, . . . ,n) which will appear 



when the contour C" in (3.1) is shifted to First we need to introduce some 
more notations. 
We set 

(3.2) P(r) {A G Nj; I Ai < A2 < . . . < A J 
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and we set Aq for arbitrary A G P{r). We write pi = pi{to;t) := t^f ^ for 
i G Z and, for A e P{r), 

(3.3) pq^ ■.= {piq^\p2q^^... ,Prq^^) = {toq^\totq^\... ,tot'-'q^^). 
Define D{r) = D{r; C, £; to) for r = f , . . . , n by 

(3.4) D{r):={pq^\\eP{r) andrc{a+)>\p,q^^\>rcia+) (t ^ 1, . . . ,r)}. 

Note that for ui G -D(r), we liave uji G int(r2) for all i, where int(i7) is the interior 
of n. For pq^ G D{r), we set 

(3.5) A^'Hpq^to) := ^nt^d(p,<Z^^P,<?^-0j ^diP'l^) 
with 

(3.6) ..(p,,^P,,^^-) :=res,^,^,.. f -^^(^'^ P.^^'^' M,t,) 



where Wc is given by ( |2.7| ) and with interaction factor 

3.7) 5d[pq):= II T---3- -1 A, , A, ^ ^ = 9)- 

The discrete parts of the measure which we will obtain by deforming C" to £" in 
( ^ ) wiU involve the weights At''). Note that for r = 1 and pq^ = to<7* G -D(l), 
we have A^'^^toq^ ; to) — Wd{toq^',to)- Note furthermore that the weight function 
Wc{x; pjq^'-^)/x has a simple pole in pjq^' since Aj — Aj_i G No and t e V. In 
fact, for T — (tq, Ti, r2, Ts) G V and for i G No, the discrete weight 

(3.8) WdiToq'-To) = u)d (Tog*;To;Ti,T2,T3) = res^^^^^i ( j 

can be explicitly given by the formula 

WdM;ro) (Z^-^^L ^ 

, . [q, ToTi, Ti/To, ToTa, rz/ro, roTg, ra/ro; q)^ 

/ 2 \ ('1 2 2^^ / 

(To ,Tori,roT2,roT3;gj. (1 _ rp^g^^j / g 



' iq,Toq/Ti,Toq/T2,Toq/T3;q)^ (l-^o) VToriraTs^ 

(see Theorem 2.4] or jl^, (7.5.22)] to avoid a small misprint). For pq^ G D{r) 
and z G we set 

(3.10) dvr{pq^,z-M) = A^(pg^,z;^o) — 

z 

with weight function A.r{pq^ , z\ to) given by 

(3.11) Aripq\z;to) := A^^^^ (pg^ io) A(z; io)5,(pg^ z) 

where A{z;to) is the weight function (2.6) in the variables z = (zi, . . . , Zn-r) and 
where Sc{pq^', z) is an interaction factor given by 

(3.12) 6c{pq^-z):^ II {pkq^-zi,pkq^-z~\p-'q-^''zi,p-\-^^z-^;q)^ 

l<k<r 

l<l<n-r 

with t — q'^ . In particular we have A„(pg^;to) = A'^'^^ {pq^]to) for pq^ G D{n). 
The measure dur{pq^ , z; to) is well defined on £'(r) x since the denominator of 
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Ar{pq^, z; to) is non zero by properties (ii) and (iii) of the (n, to)-residue pair (C, £) 
(Definition |3.lD . We caU di^r the rth measure associated with the {n, to)-residue pair 
(C, €.). We have the foUowing proposition. 

Proposition 3.2. Let (C, £) be a {n, to) -residue pair and let ft — ft{C,(t) be the 
associated domain. Let dv^ he the rth measure associated with (C, £), then 

(^//^(^^''^(^)^(^//^(^)''^(^) 

for f G Ow{f^") where (u) ^ :— Y\i=oi^ *) shifted factorial. 

In the next lemma we will give the proof of Proposition |3.2| for (n, fo)-residue 
pairs (C, £) such that the interaction factor 6{.;t) is analytic on (il(C, £))". 

Lemma 3.3. Suppose that (C, £) is a (n, to) -residue pair such that 
(3.14) trc{x) < rc{x), Vx G A+{C, €). 



Then (3.13) is valid. 



Proof. Fix a (n, to)-residuc pairs (C, £) satisfying the extra condition ( 3.14 ). We 
will prove by induction on I G {0, ... ,n} that 

+ (^^|r3TE // /(W,^)Ai(W,^;My 

for / G ©^(f^"), where 

(3.16) / = {i G No I rc(a+) > |tog'| > re{a+)}. 

Then ( 3.13| ) is the special case / = rt in ( |3.15| ), since D{r) = for r > 1 by (3.14). 
For I = 0, (|3.15D is trivial. Let / G {1, . . . , n}. Since (5(.; t) G Owi^i") by Lemma 



2.3, we can shift C to £ for the first variable Zi in (|3JJ) and we obtain by ( |3.8D , by 
the M^-invariance of A(z) and by Cauchy's Theorem for / G Ow{fi"), 
1 



(3.17) 



(27ri)" 



tE // /(iog%^)Ai(to'?\2;to)y. 



Here we have used that the residue at zi = t^^q ' (z G /) of A{zi, z'; to)/ zi is equal 
to — Ai(to'7% 2;'; io) since 

/ Wc{x\t]\ ■ 
reSj,^j-i^_. I I = -Wd{toq ■■.to;ti,t2,t3). 

The weight function Ai{toq^, z; to) in ( 3.17 ) can be rewritten as 
(3.18) A,{toq\z;to) - h{toq\ z;to)A{z;ttoq') 
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with 



(3.19) h{toq\z;to) ^WdiW;to)Y[ 



Zgjtg q , 



s=l 



{t = q^). 



This follows by interchanging the factor {tQZs,tQZg ^]q)^ in the denominator of 
Wc{zs'-to) with the factor (ttoq'^ Zsjit^q'^ z^^ ; q^ in the denominator of Sc{toq'';z) 



for s 



1, 



,n - 1. We have A{.;ttQq^) G OvfC^^""^) for i S / by ( |3T4| ) and 
Lemma 2.3, We claim that h{toq'^ , .;to) G 0^1/(51"^^) for i E I. Indeed, it is 
sufficient to check that the map 



(3.20) 



{tQX,tox ^;q)^{ttg^q "^x.tt^^q ^x i;^),. 



is analytic on when i E I. The zeros of the factor (tox, t^x ^',q)^ in the denomina- 
tor are compensated by zeros in the numerator. Next, we check that {tf^^ q~^ x] q) 



x:q) = iff x : 
arg(io) = 27ra(j 



is non zero for x E ft and i E I. Now we have that (ttg q 
t^^q^^^^tQ for some m G Nq. In particular, we must have arg(a 
Since i G /, we have for m G No, 

where the last inequality is obtained from the extra condition ( p. 14 ). Since x E 
with arg(a;) = 2110^ implies that r^{a^) < \x\ < rc{oiQ), we conclude that 
(ttQ^q~^x; q) ^ 7^ for a; G fi and i E I. Since = Q, we then also have 
(^ttQ^q~^x~^;q) ^ ^ for x E ^ and i E I. Thus the map given by ( 3.20| ) is 
analytic on if i G /. In particular, 

f{toq\.)Ai{toq\.;to)EOw{n^-') 



for i G /, so we obtain by Cauchy's Theorem and (3.17), 



(27ri)" 



(3.21) 



, , . , ^ dz 1 
f(z)Aiz;to)-^—— 

z (2m)"- 



(27ri)"-i ^ 
' iei 



/(z)A(z;to) — 
z 



dz 



f{toq\z)Ai{toq\z;to) — 



for / G Ow(S^^)- Then ( 3.15| ) follows by applying the induction hypotheses on the 
integral over C'-^ x C'^^'+Mn (||2lJ). □ 

Lemma 3.3 can be used to prove Proposition 3.2 inductively. The following defini- 
tion will be used to formulate the induction hypotheses. 

Definition 3.4. Let (C, £) be a {n, to) -residue pair and let A+{C,€) ( ^tT|) be the 
associated open interval. A sequence of closed contours (Co,... ,Cs) is called a 
(n, to) -resolution for (C, £) if the contours Ci are deformed circles satisfying the fol- 
lowing four conditions (we write ri for the (radial) functions rci in the parametriza- 
tion 4>Ci of Ci): 

(i) Co = £ and Cs = C; 

(ii) ri{x) = r^{x) = rc{x) for x ^ A+ (CX) ^ A+ {€, C) and Ie{0,... ,s}; 

(iii) tri+i{x) < ri{x) < ri+i{x) for x E A+{C, €) and I E {0, . . . , s - 1}; 

(iv) <o<V ^ Ci forpE {-1,. .. ,n-l}, r eZ andl E {1,... ,s-l}. 
We call s the length of the resolution. 
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Note that there exists a (n, to)-resolution for every (n, to)-residue pair (C, €.). If 
(Co, . . . , Cs) is a (n, to)-resolution for a (n, to)-residue pair (C, £), then (Cj, C;_i) 
is a (n, to)-residue pair satisfying the extra condition (3.14) used to prove Lemma 
(/ e {1, . . . , s}). We will prove now Proposition 3^ by induction on the length 
of the resolution. 



Proof of Proposition 3.L Supp ose that for all n e N and all to G C* with t = 
(io, ii, ^2, ts) G V, Proposition 3.2 has been proved for (n, <o)-i'esidue pairs which 
have a (n, to)-resolution of length < -s — I , where s > 2. 

Fix arbitrary n € N and to e C* such that t = {to, ti, t2, is) € V. The proposition 
is clear for n = 1, so we may assume that n > 1. Let (C, £) be a (n, to)-residue 
pair with a (n, to)-i'esolution (Co, . . . , Cs) of length s. It suffices to prove (3.13) for 



the (n, io)-i'esidue pair (C, £). We write 17^'^ and ri(;) for the domains associated 



with the (n, to)-i'esidue pairs (C;,C;_i) and (C;,£) respectively {I G {1, 



c n 



Note that Qf^i-j C fi(2) C 

(n, to)-residue pair (C, £). By (|3.15D and (|3.18D, we have 



17 where is the domain associated with the 



(3.22) 



{2m)"- 



f{z)^{z;to) 



dz 



z (27ri)' 



f{z)^{z\to 



dz 



ze{c,-iY 



2n 



(27ri) 



tE // Mz)A{z;ttoqn^ 



z£(Cs 



for / e OvF(f^"), where 

(3.23) := {z G No I r,(a+) > jto^i > r,_i(a+)} 



and /i(2;) := f{toq^, z)h{toq^, z; to) with /i given by ( [3.19 ). We wi ll apply the induc- 
tion hypotheses on all the terms in the right hand side of ( 3.22|) . For the integral 
over (Cs_i)" note that (Co, . . . , C^-i) is a (n, to)-resolution of length s — 1 for the 
(n, fo)-residue pair (Cs_i,£). Hence, by the induction hypotheses, 



(27ri)'- 



(3.24) 



2e(c,_i)" 



/(z)A(z;to)- = -i- 
z {2Tn)^ 



f{z)A{z;to)- 
z 



^ (27ri)"-'- 



E 



dz 

f{uj,z)Ar{uj,z;to) — 
z 



2GC" 



for aU f eOw{^")- 

Now fix an i e /g. We have seen in the proof of Lemma 3.3 that h{toq^ , ■', to) € 
Ow{{^^"^)"~'^)- In fact it follows from the proof that h{toq\.;to) G Ow{^"'~'^)- 
In particular we have fi £ Ow{{^{s-i))^''^^) for / e Ow{^^^)- Furthermore we 
have that (tto^N ^i, ^2, ^a) € V since arg(ttoi*) = arg(to) and that (Co, . . . , Cs-i) is 
a (n— l,tio9*)-i'esolution of length s — 1 for the (n — 1, tto^O'^^sidue pair (Cs_i,£). 
So we can apply the induction hypotheses for all the terms in the second line of 
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( 3.22 ) , and we obtain 
(3.25) 

2n 



(27r0""^ 

^e(c,_i)"-i 

2'^(n-r + 1) 



,niz)A{z;ttoq') 



2n 



dz 



z (27ri)' 



/,(z)A(z;tW) 



dz 



(27ri)"- 



E 



jeD(r-l:Cs-i,£;ttoi3') 



/i(w,z)Ar-i(w,z;tto9') 



for / e ©^(f^") and i G 

Substitution of (3.24) and ( 3.25| ) in the right hand side of (3.22) completes the 
proof of (3.13), since 



D{1; C, £; to) = D{l;Cs-iX; to) U {Wheh , 

Dir; C, £; to) = D{r- Cs-iX\ to) U |J {{toq\ u;) \ uj e D{r ^ 1; C7,_i, £; tto<zO} 



disjoint unions (r e {2, . . . , n}) and 
(3.26) 



n{z)A{z; ttoq') - .f{toq\z)Ai{toq\ z; to), 
/i(u;, z) Ar-i(tJ, z\ ttog*) = f{tQq\uj, z)Ar{toq\uj, z; to) 



for i G Is, r G {2,... ,n} and w G -D(r — 1; Cs-i, tto?*) (recall the notational 
convention which implies that the A(z;tto9*) respectively Ar_i(w, z; tio9*) in the 
left hand side of (3.26) is with respect to n — 1 variables z respectively (cu, z), while 
the Ai(toq\ z;to) respectively Ar(toq\uj, z;to) in the right hand side of ( ]3.26D is 
with respect to n variables (toq^,z) respectively (toq^ , lu , z)) . □ 



4. Limit transition to g-RACAH polynomials 

In this section we will show that the orthogonality relations and norm evaluations 
for the multivariable g-Racah polynomials can be obtained by applying the residue 



calculus of the previous section to the results in Theorem 2.6, The multivariable 
g-Racah polynomials are orthogonal with respect to a finite, discrete measure and 
were previously studied in [p^ . 
For A G P{r) we set 

^ {P^ '^■^^)--llUpl,q)^ i^-Hot,t,^^^^^^^ 

(4.1) \ 

-j-j- {qPkPh tpkPi;q)^^^^^ {qPk iPfe ^pi;q)x,-x. 



l<k<l<r 
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where pi := tot^ and we set for r e No 



Krit; t) := n SPihii^ ^ ^ 

~J{ {q,Piti,Pi ti,pit2,Pi t2,Pih,pi t3;q) 



(4.2) ■ 11 PhPk Pi ;9 

l<k<l<r 



n {q^p^ti,p.^ ^ti,p,t2,Pi ^t2,Pit3,p^ 43,i%to^i2 2i.g)^ 

where t = . The discrete weig can now be rewritten as 

follows. 

Proposition 4.1. For A G P{r) we have 

A(^Hpq';tjt)^Krit;t)A'^^{pq^;t-,t), 

where pi = tt)t^~^ . 

Proof. We rewrite the discrete weig using the following method. 

If we meet in the explicit expression for the discrete weight A^'^\pq^ ; t; t) a q- 
shifted factorial of the form (aq"^;q)^ with m S No depending only on A, we 



first rewrite this as a quotient of infinite products using (2.1). Then we replace 



the factors of the form (cg'";q)^ by (c; g)^(c; q)^^ if m G Nq, respectively by 

(c; g)_^(— c)~™g^( 2 ^[qc~^;q)_^ if to G — N. For the case to G — N, we used here 
the formula 



(4.3) {q'-'x;q)^ = i-xyq-('^){x-';q)^, (^ G N). 

Using this method we obtain for j G {1, • ■ • ,r}, 



n 



1 {PtP3<}^'-'^^'^PtPj ^q^'-'-^^;q) 



(4.4) = (-i)A.^.,(.-i)>.,A.-^-r--^--)+(^) ^ (;^'^)A.-A.->^'g)A, 

■ ti {p^pr^i)x,+x, {it''pi'pr'i)x,-x. 
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Using (4.4) and applying the same method to the expHcit expression for the weight 
Wd (^.gj) gives 

1 



(4.5) 



Pjh , Pj , pjt2 , Pj ^2 , Pjta , Pj ^3 ; ?) 3 



for j £ {1, . • . , r}. Now again applying the above mentioned method, one obtains 
Yi{p^'p,q'^-'^,pr^pj'q-''-'^;q)^ 

= rr('°"V P^'p^'-q) ^^''^)A,-A,(gP'Pj;g)A,+A, 

i i Pj '"^-{p-^p^-q) [qt-^p^pj-q) 



for J e {1, . . . ,r}, where t = q^ . Now the proposition follows by multiplying (4.5) 
and ([4.6D and taking the product over j G {1, . . . , r}. □ 



In the next theorem we give orthogonality relations for the Askey- Wilson poly- 
nomials when the parameters t satisfy the truncation condition f^^^t^t^ = q^^ . 
We will formulate the theorem with the parameters considered as indeterminates. 
Set F ■= C{t,t), ¥ ■= C(io,ti,t2,t) and := (to, ti, ^2, i^""io ^g"^)- Let Af 
respectively be the algebra of VF-invariant Laurent polynomials over the field 
F respectively F. We define the Askey-Wilson polynomial P\{.;t;t) e Ap^ over the 
field F as 



(4.7) Pxi.;t;t):={l[ ^i^* " ^) 



^Exit, t)-E^{t-t) 



By specializing the parameters {t,t) to values in F x (0, 1), we obtain the monic 
multivariable Askey-Wilson polynomial P\{.;t;t) E A"^ of degree A as defined in 
Theorem 2.6 (see Definition 2.7). 

Note that Px{-;t^;t) € A^ is well defined since the eigenvalues {E{X;tj^; t)}AeA 
( 2.19| ) are mutually different as elements in €[^0,^1,^2,^]- 

Definition 4.2. We call {P\{.;tN;t)}xeAN ^ A^ := {A G A | Ai < N} 

the family of multivariable (BC type) q-Racah polynomials. 

Let A G Pin), then the weight l\''^{pq^;tj^]t) G F is well defined (A*-'^ given by 
(4J)) and it is non zero if and only if A„ < TV due to the factor {pntz', q) ^ the 
numerator of A'^^{pq^;t;t). So the bilinear form 

(4.8) (/,5),fl.t„,t:- J2 /(P?^)5(w^)A'^(pg^t^;0, f,geA^, 

AeP(n) 
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takes its values in the field F. Let Af^^{\;t;,t) for A G A be given by 

(4.9) N^^iX^t-t) :^ , 

where J\fiX) ( ^ ) is the expression for the quadratic norms of the Askey- Wilson 
polynomial Pa- Substitution of the explicit expressions for A/'(A) and Kn in (4.9) 
yields that J\f''"{X;tj^;t) e ¥ and that A/'«^(A; t^; t) is non zero if and only if 
A £ Aat. We have now the following theorem. 

Theorem 4.3. Let N E N. The q-Racah polynomials P\{-;tj^;t) (X £ A^) are 
orthogonal with respect to (., ■)qR,tj^,t and the quadratic norms are given by 

(4.10) {Pxi.;tj,;t),Px{.;tj,;t))gR,t^,t=JV'"'iX;t^;t) (A e Ajv). 

Proof. Let V C (C*)'' be the set of parameters t e (C*)^ for which ioii^2i3 e C\K. 
Note that there exists an open dense subset In C (0, 1) such that E\(t; t) ^ Ef^(t; t) 
for alH G y, i e In and all A, G Ajv with X fi. 

Fix to,ti,t2 G C* such that #{arg(ti), arg(t,"^) | i = 0,1,2} = 6 and t G In- 
Then tj^ &V and there exists a sequence {i3,i}ieNo C C* converging to t^^'^tg^q^^ 
such that := (io, ii, ^2, ^3,0 € n for all i {V given in Definition |2.l| ). By 
considering a subsequence if necessary, we may assume that there exist (n,to)- 
residue pairs (Ci,£) where d is a ij-contour and where £ is a deformed circle 
such that the sequences {tig-' , f29"', i3,i9''}j"GNo are in the interior of £ for all i and 



such that tnq is in the exterior of £. Then we obtain from Theorem 2.6 



Proposition 3.2 and Proposition 4.1 that 



--^A.M = t:^— wT // [PxPt.){z;U;t)- 



K^{t,-t) "^'^ {2mY JJ ' ^ ' K^{t,-t) z 



where S\^p_ is the Kronecker-delta and D{r) — D{r; Ci, £; to; (3.4) (which is inde- 
pendent of i). By (3.11) and Proposition |4. l| we have 

(4.12) A,(a;, z;t^-t) = Kr{t,-t)^''^{LU-t^-t)A{z-t^-t)5,{oj- z). 



After substitution of (4.12) in the right hand side of (4.11) for all r, it follows from 
the Bounded Convergence Theorem that we may take the limit i ^ oo within the 
integrals in the right hand side of (tl.ll ). Only the completely discrete part survives 
the limit z — > (X) in the equality ( 4.11| ) since 

lim = 0' < r < n 

i^oo Kn(tf,t) 

by the factor {pnt3]q) in the denominator of Kn{t;t). The theorem follows now 
for the specialized parameter values tQ,ti,t3,t from the fact that 

{pq^lXePin), Xn<N}ciDin) 

and the fact that A'^^{pq^-tj^;t) = for A G P{n) with A„ > N. It is now clear 
that the theorem also holds over the field F. □ 



The constant term identity can be simplified as follows. 
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Corollary 4.4. For N ^ N we have the summation formula 



(4.13) 



n 



Proof. First note that by (2.28) 



{qtlt^^^-^-\qt^%H^-^^-q) 



N 



{qtot^h"-\qtot^H"-';q) 



N 



and (|4.9|) we have the explicit formula 



(4.14) AA'?^(0;i;0 =n 



(to 2tl+»-2« ^ tit2t'-\ tit3t'-\ t2t3t'-^; q) 



Then (4.13) follows by substitution of t^ — t^ t 



formula ([1.3D repeatedly (see also [O, section 3]). 



in (4.14) and by applying 



□ 



The second order g-difference operator Dtt ( ^-16 ) diagonalizes the g-Racah poly- 
nomials {-Pa(-; ^.A?; OIagAjv • By Theorem O we conclude that i^t^,* is symmetric 
with respect to (■, ■)<ji?,t„.t- In [ p^ the symmetry of Dtj^,t was proved by direct 
calculations and the orthogonality relations for the multivariable g-Racah polyno- 
mials were proved using the symmetry of Dtj^,t- Furthermore, in Q the quadratic 
norms of the g-Racah polynomials were expressed in terms of the quadratic norm of 
the unit polynomial by studying Fieri formulas for the g-Racah polynomials. The 
constant term identity ( 4.13 ) was recently proved by van Diejen ||l^, Theorem 3] by 
truncating a multivariable analogue of Roger's e'/'s-series [|l3|, Theorem 2], which in 
turn is closely related to an Aomoto-Ito type sum (cf. P|, ||20|) for the non- reduced 
root system i?C„. The proofs of the summation formulas in ||l^ are based on a 
multiple 6'06 summation formula of Gustafson. 

In the one- variable case it is known that the Askey- Wilson integral can be rewrit- 
ten as an infinite sum of residues for some parameter region by shifting the contour 
over four infinite sequences of poles (see Theorem 2.1]). More generally one can 
ask the question whether a completely discrete orthogonality measure for the mul- 
tivariable Askey- Wilson polynomials can be obtained by pulling the t-contours over 
certain infinite sequence of poles in the orthogonality relations of the Askey- Wilson 
polynomials (Theorem 2.6). 

Strong indications in that direction can be found in Gustafson's paper ||l^ and 
the recent paper of Tarasov and Varchenko where contours in multidimensional 
integrals are shifted over infinite sequences of poles in order to arrive at (purely 
discrete) multidimensional Jackson integrals. Another strong indication is the fact 
that the Macdonald polynomials are orthogonal with respect to Aomoto-Ito type 
(cf. 1^, [^) weight functions (see Cherednik ||ll|). Since the B, C and D type 
Macdonald polynomials can be obtained from the Askey- Wilson polynomials by 
suitable specialization of the parameters wc thus have orthogonality relations for 
these subfamilies of the Askey- Wilson polynomials with respect to infinite discrete 
measures (and the corresponding discrete weights are directly related to (^]^), see 

H). 

In this paper we will not consider the above mentioned questions, but instead 
look at the implications of the residue calculus for certain limit cases of the Askey- 
Wilson polynomials (the big and little g-Jacobi polynomials). In order to study 
these limit cases we first need to consider the Askey- Wilson polynomials for yet 
another parameter domain. This will be the subject of the next section. 
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5. AsKEY- Wilson polynomials with positive orthogonality measure 

In this section we will consider the Askey- Wilson polynomials for parameters t 
in the following parameter domain. 

Definition 5.1. Let Vaw be the set of parameters t = (fo, ii, ^2, ^s) which satisfy 
the following conditions: 

(1) The parameters to, ti, t2, t^ are real, or if complex, then they appear in conjugate 
pairs. 

(2) tkti i M>i for alio <k <l< 3. 

Note that parameters t G Vaw satisfy the following properties: 

(A) eRif |t,|>l; 

(B) There are at most two parameters with modulus > 1. If there are two, then 
one is positive and the other is negative. 

We will show that the multivariable Askey- Wilson polynomials are orthogonal 
with respect to a positive, partially discrete orthogonality measure when t G (0, 1) 
and t G Vaw- We proceed as follows. We apply the residue calculus of section 3 to 
shift the contour C" in the integral 

to the n-torus T" for a specific parameter domain Vq d V (here C is a f-contour 
(Definition 2.2) and V is the parameter domain given in Definition 2.1). We then 
obtain a partially discrete orthogonality measure which turns out to be well defined 
and positive for parameter values t G Vaw- Orthogonality relations for parame- 
ter values t G Vaw with respect to this positive, partially discrete orthogonality 
measure can then be derived by suitable continuity arguments. 
The parameter domain Vq is defined as follows. 

Definition 5.2. Let Vq be the set of parameters t^V for which 

(i) at most two parameters have modulus > 1; 

(a) t.PqP ^Tforie{0,..., 3}, j G {-1, . . . ,n - 1} and p e Z. 

Fix t G (0, 1), teVo and < i ^ j < 3 such that \tk\ < I ior k ^ ij. We write 
Pp^ :— fP^^ti respectively Pp^ :— t^^^tj for p ^ "E. Define for r G N a finite discrete 
set A(r) = D,{r-t-t) C C by 

(5.2) A(0 I p e P{r), \p<^^q'^^\ > 1} 



and similarly for Dj(r) (here P{r) is given by (3.2)). We have used here the 
notation = (p^^^g'^i , . . . ,p^\^'-) for p G P{r). Note that D,{r) = if 

\ti\ < 1. Furthermore, we write F(r) = F{r;t;t) C C for the disjoint union 

(5.3) F(r):= |J 0,(1) x Djim) (r = l,...,n). 

l + m = T 

/.mGNo 

(We use here the convention that Di{l) x Dj{m) ~ 9 if I > and Di{l) = or if 
m > and Dj{m) = 0, and that A(0) x Dj{m) = Dj{m), D,{1) x D.j{0) = A(O-) 
Let oj G F[r) and z G T""'' and set 

d? 

(5.4) du^'^iij^z-tj.t) := A^^{LO,z;t;t) — 
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with weiff ht function A;*^(u;,z) for uj = w^^')) with w^*' e D,{1) and w^^'^ £ 

Dj{m) given by 

where A'^'^^ is given by (3.5) and 5c is given by ( |3.12| ). In the special case that I = 
respectively m — 0, (5.5) simplifies to 

(5.6) A^^(w(^\z;t;i) = A'^'^\uj'^^^ ■,t,)A{z -,1:1)6 ^lo'^'^ ; z) = A,(w(j\ z; t,) 
respectively 

(5.7) A^'^iJ'l z;t;t) = A^"^) (a;«; t,) A(z; t; t)<5c(a;«; z) = A,(a;«,z;i,). 

where A^ is given by ( ^3.11 ). We obtain from the residue calculus of section 3 the 
following lemma. 

Lemma 5.3. Let t G (0, 1) and t G Vq. Let C be a t-contour and f £ . Then, 



f{z)dy{z) 



(5.8) 



2eC" 



(27ri)" 



2''(n - r + 1)^ 
(27ri)"-'' 



f{z)dv{z) 

f{,j,z)dvf'^{LU,z). 



E 



Proof. If |tfe| < 1 for all k then we only have the completely continuous measure dv 
on T" in the right hand side of (5_^) since F{r) = 0. Since T is a t-contour in this 
case, the lemma follows from Lemma 2.4. 

Suppose that at most one parameter has modulus > 1. By the symmetry of 
diy{z;t;t) in the four parameters t, we may assume that |to| > 1- By Lemma 
2.4, we may assume that the i-contour C satisfies the additional conditions that 
{x e [0, 1] I rc{x) > 1} is an open interval and that aQ G A'^ but ^ A'^ 
for z = 1, 2, 3 (here rc is as in Definition 2.2, and a f is given by (2.3)). Then (C, T) 
is a (n, to)-residue pair since t G Vq (Definition 5^) and Do{l) — D{l;C,T;to) 
(3.4) since t p is in the interior of C. The lemma is then a direct consequence of 
Proposition 3.2 and (5.7). 

Suppose now that two parameters have moduli > 1 . Without loss of generality, 
we may assume that \to\ > 1 and > 1 and that the i-contour C satisfies the 
additional condition that 

{xe [Q,l]\rc{x) >1} = A+UA+ 

disjoint union, with open intervals such that G A'^ and ^ A'^ for j ^ i 
and I = 0, 1. Let C :— 0c'([0, 1]) be the deformed circle with parametrization 

0C' [x) = rc (a;)e^'^™ given by 

rc'{x) := rc{x) [x (/, A+ \J ), rc'{x) := 1 [x e A+ \J ), 

where (1 — /3, 1 — a) when Aq = [a, (3). Then (C, C) is a (n, to)-residue pair, 

{C',T) is a (n, ti)-residue pair and Do{l) = D{l;C,C';to) respectively Di{m) — 
D{m;C',T;ti) since tg and ti are in the interior of C. Write il' for the domain 
associated with (C",T), then 5c(w(°); .) G Ow{{^T'') for ^^"^ e 150(0: hence the 
lemma follows by applying Proposition 3.2 first to the (n, to)-i'esidue pair (C, C"), 
and then to the (n, ti)-residue pair (C,T). □ 
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For t — q with fc G N, (5.8) can be rewritten as 



(27ri)" J J ^ (27ri)" 



(5.9) 



// 



/(z)(5(z;g'=) J|wd(zi;ei) J]^ ^^(2:^)^ 



for / € where the sum is over e; S {tj \ \tj\ > 1} and A^e^ is the largest 

positive integer such that \eiq^°i \ > 1. This follows from the fact that 6{z; q^) = 
if Zi — q^Zj for some i ^ j and some Z G {0, . . . , fc — 1} and from the fact that 

Wd(x] e^g') = [eiX, eiX~^;q)^Wd{x; a), {x = eiq'-+"^,m G No). 

Remark 5.4. Note thatd{.;t) G whent — q^ with fc G N. In particular, we will 
only encounter residues of the factor Iir=i "^cizi) when deforming C" for parameter 
t = q^ (k gN) to the torus T" in the left hand side of (5^). Consequently ( ^.9|) 
can also be proved by induction on n using the residue calculus for the one-variable 
weight functions Wc and using the W -invariance of the integrand in the left hand 
side of (III). 

We define bilinear forms (., .)rtt on for r G {0, . . . , n}, tGVo and t G (0, 1) 

by 

if, 9)0 ■■^11 f{z)g{z)diy{z), 

(5.10) '^"^^ 

{f,9)r-= X! // fi^^^)9{^^z)dVr^{uj,z), rG{l,...,n} 

for f,gG and we set 

" 2'~(n-r + l) 

(5.11) ag)i,^:-E (2m)-^r ^ (f'9)r,t,, f,9^A^. 

In the following lemma we consider the symmetric bilinear form (., .)t ^ for param- 
eter values {t,t) G Vaw x (0, 1). 

Lemma 5.5. Let t G (0, 1) and t G Vaw- 

(i) The bilinear form (., .)t.t is well defined; 

(ii) The weight function A{z;t;t) respectively {uj, z;t it) is positive for z G T" 
respectively {uj,z) G i^(?') x T"^'' (r = 1, . . . ,7ij. 



Proof. The discrete weights w^; ( p.9D appearing as factors of the weight function 
A:^^{lij,z) for r > are well defined and strict positive. Ind eed if to^ii2i3 = 0, 
then the factors {tiq/tj;q)i_t'j in the denominator of Wd (3^) should be read as 

nf=o^ i^j ^ ij?'^^)- The factor S{z;t) = |(5+(z;i)p is also well defined and positive 

for z G T''-r 

Without loss of generality we may assume that \t2\, l^s] < 1. Fix uj ~ {^,v) G 
F(r) with I? G Do{l) and v G Di{m) (r = Z + m). The factor dd{'d) respectively 
Sdiv) (37) appearing in the discrete weights A^'^^'d;to) respectively A('^)(x;;ti) 
when I > respectively m > is well defined and strict positive. Indeed, if 
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1} G Do{l) and I > 0, then we have |io| > 1, hence to e K- Then Sd{-d) > follows 
easily from the definition of the set Dq(1) ( |5.2| ). 

Remains to show that h{z) := (JYi~[ Wc{zi;t)'jSc{i};v, z)6c{v; z) is well defined 
and positive for z G Let us check the case that both to and ti have moduli 

> 1, and that to is positive real and ti negative real (see property (B) for parameters 
t € Vaw)- The case that at most one parameter has modulus > 1 will then also be 
clear. 

Rewrite the factor (x^, x"^; q)^ appearing in the numerator of Wc{x;t) as 
{x'^,x^^;q)^ = (x, -X, x~'^ , -x^^ ; q) ^{qx^ , qx^^ ; q'^) ^ 
then it is sufficient to check that the factors of the form 

ho{x) jj^^^^—^^r\{dkx,d,x-\^^'x,i3^'x-';q)^, 

{toX,toX'^-q)^^J-^ 

^i(^) ■= TT^T ^^Y[{vkX,VkX-^,v^^x,v^^x-^;q) 

[hx,hx-^;q)^^J-^ 

{I, m G {0, . . . , n — 1}) are well defined and positive for x G T (here t — q'^). Indeed, 
the remaining factors of Wc{x; t) are easily seen to be well defined and positive since 
t2|, jtal < 1 and t2,t3 are both real or are a conjugate pair, while the remaining 
factors 

n {^Tv;';q}, (*e{i,...,Z},je{i,...,m}) 

ei,ej=±l 

of Sc{'&; V, z) are well defined and positive since to is positive real and ti is negative 
real. Now let A G P{1) such that = p^"^q^ G Do{l), then hoix) = \h^ix)\'^ for 
X G T with Hq given by 

h+{x) ^^'g^oo Y[{d^x,d^\;q)^ 

{t^l^-^l)oo fcii (*^fc-i^;9)A,-A,_i 

where iJo t^^to and Ao :— 0. It follows that /i(j^(x) is well defined for x G T, 
since the possible zero at x = 1 of the factor (tdix; q) ^ in the denominator can be 
compensated by the zero at x = 1 of the factor (x;q)^. Similarly, one deals with 
hi{x). □ 

Let be the M-algebra of VF-invariant Laurent polynomials in the variables 
zi, . . . , Zn- We obtain from Lemma |5.5| the following corollary. 

Corollary 5.6. Let t G Vaw cind t G (0, 1). Then the restriction of the bilinear 
form ■)t,t to x maps into R and is positive definite. 

Proof. The monomials m\ (A G A) are real valued on F{r) x T""'' since F{r) C M'' 
by property (A) for parameters in Vaw (Definition so the assertion follows 
from Lemma ^.5| (ii). □ 

The following theorem defines the Askey- Wilson polynomials for parameters t G 
Vaw and t G (0, 1) as a special choice of orthogonal basis for A^ with respect to 
the positive definite bilinear form (., .)t,t '■ A^ x A^ M. 
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Theorem 5.7. Let t G (0,1) and t G Vaw ■ Then there exists a unique basis 
{Px{.;t;t)}xeA of such that 

(i) Px{.;t;t) = mx + J2^^<\Cx^^{t;t)m^, some cx.fiit;t) G K; 

(ii) {Pxi.;t;t),P^i.;t;t))t^t = if fi ^ X. 

Furthermore, Px{-',t;t) is an eigenfunction of Dt,t with eigenvalue Ex{t]t) and we 
have the explicit evaluation formula 

{Pxi.;t;t), Pxi.;t;t))t.t ^ J\fiX;t;t), A G A 

for the quadratic norms of the polynomials Px ■ 

Proof. Fix t G (0, 1) and t G Vaw- Since (., .)t,t is positive definite on , there 
exists for A G A a unique M^- invariant Laurent polynomial Px{-',t',t) S A^ satisfying 
(i) and the conditions {Px{-;t;t),m^)t-t — for all /i < A. Furthermore, we have 



{mx,Pf,{-;t;t))t,t 
^ (P^(.;i;t),P^(.;t;t))t/^' 



(5.12) P;,(z;i;t) = mA(z)-2^7^^V:^f7fl774^TT^^M(^;i;^)^ A G A. 



By Lemma 5.3, the polynomials Px{z;t;t) = mx{z) + X]/j<a '^-'^.A'te' 
i G Vb defined in Theorem |2.6| can be given by the same formula ( ^.121 ). Fix t G 
Vaw \ V^^Y' where V^^y is the set of parameters t G Vaw such that ti = ±t~™g~* 
for some i G {0, . . . , 3}, m G {0, . . . , n — 1} and s G Nq. Let {|.j,}fcgNo be a sequence 
in Vq converging to t. Then, by the Bounded Convergence Theorem, 

(5.13) fim(/,g)i^,, = (/,.g)t,,, V/,^^^^. 

Indeed, by assuming t ^ V^y^, we have that F{r;T_;t) — F(r;t;t) for r in an open 
neighbourhood of t (r = 1, . . . ,n) and that no zeros in the denominator of the 
expression for A^^{uj, .;t;t) {uj G F{r), r — 0, . . . ,n — 1) occur which need to be 
compensated by zeros in the numerator (see the proof of Lemma ^.5| ) . Hence the 
Bounded Convergence Theorem may be applied at once. 

By induction on A we then obtain from ( 5.12| ) and (5.13) that 

(5.14) lim cx,f,{t^;t) = cx,f,{t;t), /i < A. 

k — »oo 



By the residue calculus given in Lemma 5.3, we can reformulate Theorem 2.6 with 
respect to the the bilinear form (., .)r^t for r G Vq. The theorem follows then for 
t G Vaw \ V^yy by taking limits in the reformulated results using Proposition 
and (FT4|) . 

To prove the theorem for t G V^y^, we use again a continuity argument. We 
treat here one typical example, the general case is derived similarly. We assume 
that t G V^yy with to = t~'^q~^ for some to G {0, . . . , n — 1}, s G No and that 

^ t~'9~^' for aU i G {1, 2, 3}, / G {0, . . . , n - 1} and s' G No. Then there exists 
an e > such that (to, ii, i2, ^a) G Vaw \ V^yy and F(r; ro, ti, t2, ts; t) = F{r;t;t) 
for all r G {1, . . . , n} and all To G K>o with to — tq < e. We claim that 

(5.15) lim {f,g)roM,t2M.t = (/,5)t,t, V/,5 e A"^ . 

We use the Bounded Convergence Theorem. In Lemma |3.5| we have seen that zeros 
in the denominator of the expression for the weight function Aj5'^(a;, .; r; i) can 
occur when lu G F{r;T;t) and r G V^yy, and that these zeros can be compensated 
by zeros in the numerator. This amounts to replacing factors of the form 

(1 ± ux) 



26 



J.V. STOKMAN 



in the weight function by 1 when u = 1. For the apphcation of the Bounded 
Convergence Theorem in the hmit ( ^.15 ), it therefore suffices to note that the 



functions 



(5.16) h'^iu^x) 



if ti = 1 



are bounded on L/ x T where U C M>o is some open set containing 1. Now the 
theorem for the specific parameter values t foUows by continuity arguments from 



(5.15). □ 



For parameters t € Vaw with \ti\ < 1 the orthogonahty measure is completely con- 
tinuous (i.e. we have (., .) = (., .)o) and coincides with Koornwinder's orthogonality 



measure |24 . In particular the orthogonality relations reduce to Koornwinder's 
orthogonality relations (see |2^) and the quadratic norm evaluations reduce to van 
Diejen's quadratic norm evaluations (see ||l^) for parameter values t G Vaw with 
< 1 for aU i. 



Theorem 5/? implies that Dt t is symmetric with respect to (., .)t,t- The symmetry 
of D and the orthogonality of the Askey- Wilson polynomials with respect to (., .} 
have been proved by different methods in for deformation parameter t — 
with /c G N. In this case special case we can rewrite the bilinear form (., .)t,q'' using 
( [3.9| ) and we obtain 



=11 (27r«)"-'- ^ ^ JJ 

(5.17) r=l,...,r 



dz ■ 

f{z)g{z)6{z;q^)W_Wd{z^;e^) J| Wc(^i) — 



"J 



for A^. 

Theorem |5. 
tions stated in y, Theorem 2.5] 



Theorem |5.7| f or n = 1 reduces to the orthogonality relations and norm evalua- 

hTl, 



6. Limit transition to little g-jACOBi polynomials 

In this section we consider a limit case of the Askey- Wilson polynomials with 
positive partially discrete orthogonality measure (Theorem 5.7) for which the con- 
tinuous part of the orthogonality measure disappears while the completely discrete 
part of the orthogonality measure blows up to an infinite discrete measure. 

We will obtain as limit the family of multivariable little g-Jacobi polynomials 
(previously introduced in Q) which depends (besides on q,t G (0,1)) on two 
parameters. The parameter domain for the little q-Jacobi polynomials is defined as 
follows. 



Definition 6.1. Let be the set of parameters (a, 5) for which a G (0, 1/g) and 
be (-oo,l/g). 
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For functions / : C ^ C and u, w £ C, the Jackson g-integral of / over [u, v] is 
defined by 



(6.1) / f{x)dqx := / f{x)dqx- I f{x)dqX, 
Ju Jo Jq 

(6.2) / f{x)dqX := {l-q)Y,f{vq'')vq\ 

fe=0 

provided that the infinite sums are absolutely convergent. For a point ^ e (C*)", 
we define the Jackson integral of / over the set 

(6.3) (e)„ := W I V e P{n)} 
(here := (Cig'^S ■ • • , e.?"")), by 

(6.4) / / f{z)dqz (1 - q)" f^^l'^^ n ^^1'^' 

provided that the multisum is absolutely convergent. Note that for special points 
^ = {£,i,£,ij, ■ ■ ■ jCiT""^) G ('C*) I the multisum (3.4) can be expressed as an 
iterated Jackson integral by 

(6.5) f{z)dqZ= / / .../ f{z)dqZn. ■ -dqZl. 
J J Jzi=oJz2=0 J z„=0 

Let Ag^ be the M-algebra of S'-invariant polynomials in the variables zi,... ,z„. 
An R-basis for is given by the set of monomials {rhx}xeA: where rh\{z) := 
S^eSA -^^^ Define a symmetric bilinear form (■, .)^' j on ^4^ for t G (0,1) and 
(a,6)eFLby 

(6.6) jj f{z)g{z)A'^{z)dqZ, f,g€A^ 

where pL,i ■= i'^^ and where the weight function A-^(z) — A^{z; a, b; t) is given by 

(6.7) A^(z) g-2-^(S)t-("+i)(;) (jlMzd^ Sqj{z), [a ^ q^ ,t ^ q^) 
with 

(6.8) VL{x;a,b) := /'f ' x^, {a ^ q^) 

{qbx;q)^ 

and with interaction factor 6qj{z;t) given by 

(6.9) Sqj{z;t):= J] " ^jIN^I''"'(9*"'^j-M;'?)2.-i' (t^Ql- 

l<i<j<n 

The function is exactly the weight function in the orthogonality measure for 
the one- variable little g-Jacobi polynomials 0]. The same bilinear form (., .)l was 
considered in section 5], up to the positive constant q^^^ (3)t^("+iK2) . The 
weights A^{z) in the bilinear form (., .)l are strict positive for z € {pL)n and 
{f,g)L, written out as a multidimensional infinite sum, is absolutely convergent for 
all f,geA^ (see pl). 
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Definition 6.2. Let t G (0,1) and {a,b) G Vl- The little q-Jacobi polynomials 

{P^{.;a,b;t)}\^A are uniquely defined by the two conditions 

(^) -Pf = "'A + Y.t,<x Ca.m™^ f"'^ certain constants c^_^ = c^^(a, 6; t) G M; 

(b) =0/or/x< A. 



The following proposition establishes the link between Askey- Wilson polyno- 
mials with positive partially discrete orthogonality measure and the little (/-Jacobi 
polynomials. We use in the proposition the notation |A| := Ai for the length 

of a partition A G A. 

Proposition 6.3. Let t G (0, 1), (a, b) G Vl and define for e G M* 

(6.10) tLie) {e-\i,-aqi,ebq^,-q^). 

Then there exists a sequence {ek}keNo *^ ^>o converging to such that 



(6.11) 



= 2-n\{q;qyJ''{l-q)-{rh,,rh,)'i:', 



for all A,/i G A, where (., .)t.t is given by ( 5.1l| ). 

The proof of the proposition will be given in section 8. Note that t^le) G Vaw 
for e G R>o suf ficiently small, so (., ■)t^{<i).t is well defined for e > sufficiently small 



by Lemma 5.5 



We will use Proposition to prove that the little (7- Jacobi polynomials are limit 
cases of the Askey- Wilson polynomials and to establish orthogonality relations and 
norm evaluations for the little g-Jacobi polynomials with respect to the bilinear 
form (., 

We use the following definition of limit transitions between S'-invariant Lau- 
rent polynomials (cf. [^). Let /(.;u) [u G K*) and / be S'-invariant Lau- 
rent polynomials in n variables zi,... ,z„, then we write Vm\u-^o f {■', u) = / if 
f{z\u) = f{z) for all z G (R*)". Note that the R-algebra of S'-invariant 
Laurent polynomials has as R-basis the set of monomials {i7i\{z)} ^^f^^ where A := 
{A G Z" I Ai > A2 > . . . > A„} and toa(z) E^gsa If /(■; ") = EagA ca(^^)™a 
{u G R*) and / = X^AeA ^atoa such that {A G A | c\{u) ^ 0} is contained in some fi- 
nite M- independent subset for \u\ sufficiently small, then we have lim„^o /(•!'") = / 
iff lim„_>o cx{u) = c\ for all A G A. Crucial in the limit from Askey- Wilson polyno- 
mials to little g-Jacobi polynomials is a limit from rescaled monomials m\[z\u) to 
'fh\{z), where the rescaled monomial m\{z\u) for m G R* is the S-invariant Laurent 
polynomial given by 

(6.12) mx{z\u) ■.= u\^\mx{u-'^z), A G A. 

Here we have used the notation u^^z (u^^zi, . . . , m^^z„). In terms of the basis 
{'^A'l/.eA' have mx{z\u) = J2f,eAnw\^^-^^i'^)^t^i^) for A G A with dx.f,{u) 
homogeneous of degree |A| — and c?a,a('u) = 1- Furthermore we have for A G A 
that 1^1 < |A| if G WX and |A| — |//| iff ^ G SA. Hence we obtain the limit 
transitions 

(6.13) lim toa(2;|u) = ?tia(^) (A G A). 

M— >0 
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We express the quadratic norm of the httle q-Jacobi polynomials in terms of func- 
tions M^j{X) — J\f^j{X', a, b; t) and J^qj{)^) = J^qji^i b; t) which are defined by 

TqiX, + l + {n-i)T + a + (3)rg{\i + 1 + {n - i)T + a) 



(6.14) . n 

l<j<k<7i 



Tq{2\, + l + 2{n-i)T + a + P) 

TqjXj + Afc + 1 + (2n - j - fc + 1)t + g + ^) 
Tq{Xj +Xk + l + {2n-j-k)T + a + f3) 

rq{Xj-Xk + {k-j + l)T) 



(6.15) . n 

l<j<k<n 



r,(A, -Afc + (fc-i)T) 

Tq{X, + 1 + (n - z)T)r,(A, + 1 + (n - z)t + /3) 
r<,(2Ai + 2 + 2{n-i)T + a + 0) 

Tq{Xj +Xk + 2 + {2n-j-k-l)T + a + (3) 



Tq{Xj + Afe + 2 + (2n - j - k)T + a + P) 
r,(A, -Afc + l + (fc-j-l)T) 



■ r,(A, -Afc + l + (fc-j» 
where a = q"^ ,b = , t = (f and where 

(6.16) Tq{u):^^0^ {u<^-n,) 

is the q-gamma function. For A G A, (a, 5) G Vl and t e (0,1) let N^{X) = 
N^{X\ a, 6; t) be given by 

(6.17) A/'^(A) ■.^q^^=^^^^+"+^^"-''>^'>^-Af+{X)Af-j{X). 

Note that A/'^(A) is well defined and positive. We have now the following theorem. 

Theorem 6.4. Let (a, 6) G Vl and t G (0, 1). There exists a sequence {efcjfcgNo 
R>o converging to such that 

(6.18) lim (q-^ek)^^^ Px{q^el^z-t^{ek)]t) ^ P^{z-a,b-t) 

for all A G A. Furthermore, the polynomials {Px^xeA are orthogonal with respect 
to (., .) L and the quadratic norms of the little q-Jacohi polynomials are given by 

(6.19) (Pf,Pf)L-AA^(A), AG A. 
Proof. We write 

(g-^e)l'lp,(z;i^(e);i) = ^CA,^(6)(g-^e)l^lm^(z), 

(6.20) 

P\{z;a,b;t) = c^^f,m^,iz) 

for the expansions of the Askey- Wilson polynomial and the little g-Jacobi polyno- 
mial in terms of monomials. In particular, we have cx,\{e) = cj^ ^ = 1. Let {efcjfcgNo 
be a sequence in R>o converging to such that (6.11) is satisfied for all A,/i G A. 
We will prove that 

(6.21) lim cx.^iek) = c^ < A, 

k — ^oo 
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then the limit (6. IS) foUows from (3.13), (6.2C) and ( |6.21 ). We proceed by induction 
on A. The case A = is trivial. For A ^ 0, note that tj^{e) G Vaw for e > 
sufficiently small, hence by Theorem 5.7 we can write 

(6.22) 



p.<X 



ith 



(g 2e) 



A| + |m| 



[mx,Pt,{.;t^{e);t))t_^i^,)^t 



(g-^e)2|Ml(P^(.;iJe);<),P^(.;tJe);t))^^(^)^, 
for e > sufficiently small. For the little q-Jacobi polynomials we have 
(6.23) 



Pf (z; a, b; t) = mx{z) ~ ^ dj:^^P^{z; a, 5; t), 

fj.<X 



with 



(mA,P^^(.;a,5;0)2;^, 
{P^i-a,b;t),P^{-a,b;t))'i:y 



4m = 



By the induction hypotheses and Proposition 6.3, we have 



(6.24) 



lim dx^ek) 



V^i < A. 



So ( |6.2lD follows by the induction hypotheses from ( |6.2C| ), ( |6.22D , ( |6.23D and ( |6.24D . 

The orthogonality relations and the norm evaluations for the little g-Jacobi po- 
lynomials follow now from the orthogonality relations and norm evaluations for the 
Askey- Wilson polynomials with partially discrete orthogonality measure (Theorem 
5.7), Proposition 6.3, (3.21) and the observation that 



lim 



n(-£-'gi^-\-e-'gaf-i;g)^ (g-i/26)2|^lAA(A;tj6);t) 



2"n!(g;q)J"(l-g)-"A/-^(A;a,6;t). 



□ 



Full orthogonality of the little g-Jacobi polynomials was proved in by means 
of an explicit second order g-difference operator which diagonalizes the little q- 
Jacobi polynomials. The operator and the corresponding eigenvalue equations 
can be obtained from ( |6.18| ) by taking the limit fc ^ oo in the equations 

(6.25) {q-hk)^^\{D-Ex)Px){q^el^z-tL{ek)\t)^Q (A e A) 

where D is given by ( p^ and Ex IS given by ( |2.19| ) (see [|| section 3] for the 
formal computation of the limits of D and Ex). In ]35(| it was shown that the formal 
computation of the limits of D and Ex in section 3] can be used to prove the 
limit transition ( 6.1g ) for generic t G (0, 1). See also |33| for the special case that 

The constant term identity for the little g-Jacobi polynomials can be rewritten 
as follows. 
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Corollary 6.5. Let t £ (0, 1) and (a, 6) e Vl- We have 

(R /I 1 \--'^ - rr r,(a + l + (j - l)r)T,{P + l + (j - l)r)r,(jr) 

^ ' /i r,(a + ^ + 2 + (n + j-2)r)r,(r) ' 

The constant term identity ( |6.26| ) has been studied extensively in recent years. It 
was conjectured by Askey jj] for t — q'^, k £ N and proved in this case independently 
by Habsieger and Kadell ||2l[|. For arbitrary t e (0, 1) the first proof appeared 
in Aomoto's paper [|| (see also 22 1 and for alternative proofs). 

7. Limit transition to big (j-Jacobi polynomials 

In this section, we consider an other limit transition involving the Askey- Wilson 
polynomials with positive partially discrete orthogonality measure (Theorem 5.7) 
for which the continuous part of the orthogonality measure disappears while the 
completely discrete part of the orthogonality measure blows up to an infinite dis- 
crete measure. Instead of sending one parameter to infinity, as we did in the previous 
section, we will send now two parameters to infinity. We will obtain the four param- 
eter family of big q-Jacobi polynomials (previously introduced in [ ^ ) as limit case 
of the five parameter family of Askey- Wilson polynomials. The parameter domain 
for the big g-Jacobi polynomials Vb is defined as follows. 

Definition 7.1. Let Vb be the set of parameters {a,b,c,d) for which c, d > and 
a e (^—c/dq, 1/q) , b E {—d/cq, l/q) or a = cu, b = —du with m G C \ M. 

Before we define the orthogonality measure for the big g-Jacobi polynomials we 
first need to introduce some more notations. We set 

n 

where 77,^ G (C*)", c = (cq, . . . ,c„) G (C*)"+i and (0„ is defined by (|6j). Here 
we use the convention that (^}„ x (77)0 — and (^)o x {r])n = {ri)n- Define the 
c-weighted Jackson integral of / over the set {ri,^)n by 

/(z)d|z:=f^(-l)"-^c,|y' J J fiz,w)dqzdqw 

(7 1) 

=(i-9)"E E c,w,r;/)n^'9'' n 

j=0 vePU) 1=1 m=l 

v'eP{n-j) 



where the j — Q respectively j — n term in ( [7.1| ) should be read as 

(-l)"co / / f{w)dgw = (1 - g)" E ^ofW') n Hmq"'-) 



respectively 



c„ // f{z)dqz^il-qr E ^nfi^qnU^iq- 

zi{i)„ ''ep(«) 1=1 
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li V ^ iVi,mi', ■ ■ ■ ^mil'T ^) and C = (6,67, ■ • • ,67" then the c-weighted 
Jackson integral over (77, can be rewritten as an iterated Jackson integral by 



f{z)d^z = J2c, / .../ 

j_Q J zi—Q J Z2—O >J z 



_ zi—0 J Z2—O J Zj—0 

f{z)dqZn ■ ■ ■ dqZl. 

Define a symmetric bilinear form (■, on for parameters t G (0,1) and 

(a, 6, c, d) G Vb by 



(7.2) (7,5)5:= yy /(z).9(z)A^(z)4«z, /,geA^, 

with ps^i ct'^^, <JB,i '■— —dt^^^ and with weight function 

(7.3) ^B{z)■.= (^VB{z^)^5qJ{z), 

where is the weight function in the orthogonality measure for the one- variable 
big q-Jacobi polynomials |Q, 

{qx/c,-qx/d; q) ^ 



(7.4) VB{x;a,b,c,d) 



[qax/c, ~qbx/d; q) ^ 



and(5gj(z) = 5qj{z]t) is given by (x9). The weight is of the form c^j- := csdB.j, 
with 

(7.5) dB,r-^ n *t(-i""™"'+'rf/c) 

where ^tix) is defined by 



l<k<m<r, 
k<j 



2r-l Ht^) 



with 9{x) the Jacobi theta function 

(7.7) 9{x) := (q,a;,9a;"^g)^, 

and the constant cs is defined by 

iq-q)lq-^^Ts)d-H".)--t-i"^) 

^'•'^ - iruoFi^) ■ 

The positive constant cb is not essential for the definition of (., We have chosen 
to take this constant within the definition of (., .)b because it will simplify formulas 
and notations later on. The Jacobi theta function satisfies the functional relation 

(7.9) 6{q''x) = {-x-^fq-^'^eix), k G Nq. 

This implies that is a quasi constant, i.e. '^tiqx) = ^'((a;). In particular, the 
weight dg (7.5) is independent of a,b and quasi constant in the parameters c, d. 
We note that the bilinear form (., .)b is the same as the one defined in |32 up to 
the positive constant cb (|7.8|). This is easily verified using the fact that (., .)_b is 
defined as bilinear form on the space of symmetric polynomials. 
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The weight in the definition of (., .)b is needed in order to obtain good 
asymptotic behaviour. To be more precise, let j e {!,... ,n}, A £ P{j — 1), 
^1 G P{n - j) and set A^'^ := {X,l) £ P{j) for I > Aj_i, respectively n^"^'> := 
(/i, m) G P{n — j + I) for m > fj-n-j- For j = I respectively j — n, this should be 
read as A^'-' = I G -P(l), respectively /x'™^ = m G -P(l). Define 

Z^Q--. A, m) := (Pi39^*" , ^Bq^) G (ps)j X {GB)n-j {I > Xj-l), 

z^(m;X,fi) := {pBq^,(JBq'^' ') G (pb)j-i x (crB)„-_,+i (m > A*n-j), 
then we have 

lim A, ^) = (pB(7^, 0,0-517^), lim z~ (m; X, fi) ^ {pBq^ ,(TBq'^ ,0) 

(with the obvious conventions when j = 1 respectively j = n). We have now good 
asymptotic behaviour in the following sense. 

Lemma 7.2. Let (a, b, c, d) G Vb and t G (0, 1). Then 

(7.11) liia CB.jA^ {z'^ (I; X, fi)) — lim cb.,_i A^(z~ (m; A, /i)) 



/or aZ/ A G P(j — 1), /i G P(n — j) and j G {1, . . . , n}. The conditions (7.11) for 
X G P{j — 1), /i G P{n — j) and j G {1, ... , n} characterize the weight Cg uniquely 
up to a constant. 

Proof. See the proof of Theorem 6.5]. □ 

In it was remarked that dB.j = 1 for all j £ {1, . . . ,n} ii t = q'' with k & N. 
For the weight Qb we thus have cbj — cb for all j if t = q^ with A; G N, and cb 
can then be rewritten as 

o(2)(;)-fe'(s)(c + d)" 

(7.12) CB = ^ (^ = g^fcGN). 

(-d/c,-cM,):(cd)"+(J)'^ 

This follows by a straightforward calculation using the relation 9{qx^^) = 0{x), 
(0) and 

(7.13) D-i)^ -<:)+(; 

It was proved in that the weights A^(2:) in the bilinear form (., .)b are strict 
positive for z G {(7B,PB)n and that {f,g)B, written out as a multidimensional 
infinite sum over {o'b, PB)n, is absolutely convergent for all /, 5 G A^. 

Definition 7.3. Let t G (0,1) and (a,b,c,d) G Vb. The big q-Jacobi polynomials 
{P^ {.;a,b,c,d;t)}x£A are uniquely defined by the two conditions 

(a) P^ = rh\ + J2fi<\ ^m^ for certain constants cf ^ = ^(a, b, c, d; t) G M; 

(b) (Pf,m^)B=0/or/i<A. 



The following proposition is the analogue of Proposition 6.3 for the big g-Jacobi 
polynomials. 

Proposition 7.4. Let t £ (0, 1), (a, 6, c, d) G Vb awd define for e G K* 
(7.14) <B(e) := (e-\qc/d)K-e-\qd/c)Kea{qd/c)K-eb{qc/d)^). 
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Then there exists a sequence {tk}keiia *^ IR->o converging to such that 



(7.15) 



a,b,c,d 



/or aZZ A,/i G A, where (., .)f,t is given by ( 5.1l| ). 

The proof will be given in section 9. Note that ^^(e) G Vaw for e G IR.>o 
sufficiently small, so (., ■)t^{e),t is well defined for e > sufficiently small by Lemma 



5.5 



We can repeat now the arguments of the previous section to establish full orthog- 
onality of the big g-Jacobi polynomials with respect to {., ■)b and to calculate their 
norms. For A G A, (a, 5, c, d) G Vb and t G (0, 1) let Af^{X) = A/'^(A; a, 5, c, d; be 
given by 

AA^(A) i:r..(A.-l+2(n-.)r)A._^+ ^. ^. ^) 

(7 16) " 

.l[{-q^^+'bt--'c/d,^q^'+^at--^d/c;qyj 



where t — q'^ and A/^^j respectively A/'^j is given by ( 6.14 ) respectively ( S.15 ). Note 
that J\f^ {X) is well defined and positive. We have the following theorem. 

Theorem 7.5. Let t G (0, 1) and (a, b, c, d) G Vb- There exists a sequence {ek}keNo 
in M>o converging to such that 

(7.17) lim (efe(cd/g)^)'^'pA((g/cd)5e-iz;tB(efe);t) = P^{z;a,b,c,d;t) 

for all A G A. Furthermore, the polynomials {P^}\^a are orthogonal with respect 
to {., .)b and the quadratic norms of the big q-Jacobi polynomials are given by 

(7.18) (Pf,Pf)B=A/'^(A), AG A. 
Proof. We have the limit 

l™o ( n(-^"V'-^g)^ ) {{cd/q)hf'W{X;ts{e);t) 



\i=l 



= 2"n!(g; g) J"(l - g)-"AA^(A; a, b, c, d; t). 
The proof is now analogous to the proof of Theorem pM □ 



Full orthogonality of the big g-Jacobi polynomials was proved in |32| by studying an 
explicit second order g-difference operator Db which diagonalizes the big q-Jacobi 
polynomials. T he op erator Db and the corresponding eigenvalue equations can be 
obtained from (|7.17|) by taking the limit ^ cxa in the equations 

(7.19) {ekicd/q)-^)^^\iD~Ex)Px){ey{q/cd)h;tBieky,t)^0 (A G A) 

where D is given by (pT6| ) and Ex IS given by ( |2.19| ) (see [|| section 3] for the 
easy computation). In |35[ it was shown that the formal computation of the limits 
of D and E\ in section 3] can be used to prove the limit transition (7.17) for 
generic t G (0, 1). See also Q for the special case that t — q^, A; G N. 
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It follows from Theorem 7.5 that Db is symmetric with respect to (., .)b- In 
the symmetry oi Db was established by direct calculations in which the asymptotic 
behaviour of the weight function A-^ (see Lemma 7.2) plays a crucial role. 

The quadratic norm evaluations of the big g-Jacobi polynomials for the special 
case a = b = 0, c=l and t = with fc G N are recently proved by Baker and 
Forrester ||^, Section 4.3] using Fieri formulas. In order to see that the quadratic 
norms of the big g-Jacobi polynomials in this special case are in agreement with 
the quadratic norm evaluations R (4.3)], one needs to use the evaluation formula 
for the Macdonald polynomials |27| (6.11)] together with |^2|, Froposition 3.2] and 
the computation preceding Remark 5.4]. 

The constant term identity for the big g-Jacobi polynomials can be rewritten as 
follows. 

Corollary 7.6. Let t e (0, 1) and (a, b, c, d) eVb- We have 



(7.20) 



b,c,d 



n 

i=i 



r,(a + 1 + (j - l)r)r,(/3 + l)r)r,(jr) 



r,(a + /3 + 2 + (n + j-2)r)r,(r) 



where a — q",b — q^ and t ^ q"^ . 



The g-Selberg integral ( 7.20 ) for t 
formula. 



q , k £ N reduces to the following evaluation 



Corollary 7.7. Let t ^ q*' with fc e N and (a, 6, c, d) G Vb- We have 



zi — — d 



n ^f'(M'-'^ 

' l<i<j<n ' 



■■.1 



2k 



n 



{qz,/c, -qzi/d] q) 



g^^G)-(^)(;)jj 



\ {q^+"z,/c,-q^+Pz,/d-q)^ 

Vq{a + 1 + (^ - l)k)Tq{l3 + 1 + (z - l)k)Tq{ik + 1) 
Tq{a + l3 + 2 + {n + i- 2)k)T„{k + 1) 

(-d/c,-cMg)^(cd)i+(-i)'= 



-dq Zi 



■ (-q"+i+(«-i)fcd/c, -g/3+i+(»-i)fcc/rf; q) ^{c + d) j 
where t = q^ , a ~ q" and b ^ q^ . 

Proof. The bilinear form (., .)b differs from the one cons idere d in section 5] by 
the constant cb, where cb for t = q'^ {k G N) is given by ( 7.12 ). Hence the corollary 
follows from Corollary 7^ and the computation preceding |32|, Remark 5.4]. 



□ 



The constant term identity for the big g-Jacobi polynomials has appeared in the 
literature before. Corollary 7/7 was conjectur ed by Askey jQ and proved by Evans 
|T5| . For arbitrary t e (0, 1) the evaluation ( |7.20| ) is equivalent to Tarasov's and 
Varchenko's summation formula Theorem (E.IO)] (where the summation over 
j in (E.IO) should be taken from to n). The proof of Tarasov and Varchenko is 
by computing residues for an A type generalizati on o f Askey-Roy's g-beta integral. 
The equivalence of Theorem (E.IO)] with ( 7.2C ) can be seen by making the 
substitution of variables p = q, x = t, a = — d, b = c, a = —qb/d, f3 = qa/c and 
I — n in pTl (E.IO)] and by applying the formula 



A^(aB/,PB9'')=A^(pB<?^aB/) H 



f 



l<k<j 

l<m<n— J 
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where v G P(j) and v' e Piji — j) (here "0* is given by (7.6)). 



8. Proof of Proposition |6 

The proof of Proposition |6.3| involves tedious calculations, for which we will give 
the main steps in this section. We freely use the notations of the previous sections. 
We fix in this section (a, 6) G Vl with & 7^ 0. The condition 6 7^ is not essential; 
with slight modifications, the proof goes also through when 6 = 0. 

Let e e R>o and set PLj(e) := tLfi{e)P~^ = e~^q^P~^ for j E Z (here ti^{e) 
given by (6.1C)). The parameter iL,i(e) = —aq^ has modulus > 1 for all e if 
a e {q^^ , q^^)j so can also contribute to the discrete parts of the symmetric form 
(•J ■)t^{e).t ( 5.11 ) in the limit ( |6.1lD . We therefore write a^j ■= tL,it^~^ = —aq^P~^ 
for j e Z. Then F{r]t]^(e)]t) ( |5.3D for e > sufficiently small is given by 

l-\-m—r 



(8.1) 



with the set Do{l\t^{e)]t) (^ for ^ > given by 

Do{l;U{eYt) ={pL{e)q''\vEPL{he)}, 

PL{l;e) P{1)\ WA^h^'l > 1} 



and with the set Z?i(m; t^(e); t) (5_^) for m > given by 

{a'^} if |aL^„,| > 1, 



(8.2) 



otherwise 



where cr™ := (<tl,i, ■ • ■ jfL.m)- Note in particular, that £'i(to; t^(e); t) is indepen- 
dent of e. Using the explicit definition of the symmetric form (., .) (5.11) as given 
in section 4, as well as the definition for m\(z\u) (6.12), we can write 



Yl{-e-'qe-\-e-^qaf-';q)^ 



-i/2\ I^I+ImI 



(8.3) 



E 



dx 



{mxm^){pLq'' ,tq ^a;|egf 2 ) W;^^.r(i/, x; e) — 



where the sum is over four tuples (r, /, m, v) with r e {0, . . . , n}, /, m G No with 
l + m = r, and € P{1) (the sum over G P(Z) should be ignored when I = 0). The 
renormalized weights W/"„.^(i^, x; e) are given by Wqo-o{—] x; e) := A(a;; ^^(e); <) for 
r = 0, and for r = 1, . . . , n. 



l,m;r 



ii^,x;e) = l[{-e-'qf-\-e-\af-';, 



2''(n-r+ 1)^ 



(27ri)""'' 



Pi(e)(?^ar,a.;^^(e);^) 



if (^pL{e)q'^ , a"^) G F{r;tj^{e);t) and zero otherwise. We split the renormalized 
weights in three parts, 

' ^ ^ ^':A^r(.;e)A^ri(.;e)A^ri(.,x;e) 



.4) Wtm-A^.X-t) 



(27ri)"- 
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where A^^]^^, A^j^ and A^j^^ given by 
if G Pl{Ii e) and zero otherwise, 

m 

2=1 

.AW(ar;iL,i(e))^c(pL(e)<7'';^r) 
if G e), Di{m]tj^[e)]t) ^ and zero otherwise, 

n — r 



i=l 



if G e), I?i(r7i; t^(e); t) ^ $ and zero otherwise, where r = and A is given 
by (|2.6|), A^'*' is given by (|3.5|) and (5c is given by (3.12). The formula (5c(z;u,'u) — 



Sc{z; u)dc{z] v) is used for obtaining (8.4). We have used for the definitions of A^]^^, 
A^J^ and '^^f[n ^^'^ obvious conventions when ^ = or m = 0; for instance, 

i=l 

for I, m, V such that ^, m > 0, £ P(/; e) and £>(cr™; ti_i(e); i) 7^ 0. 

We will use Lebesgue's Dominated Convergence Theorem to pull a limit | 
in the right hand side of (B.2) through the integration over x S r"^'" and through 
the infinite sum over v G P{p) '^'^^ some sequence {efejfegNo in I^>o converging to 0. 
Therefore, we need certain estimates for the functions A^}^^, A^Ym ^'^'^ ^s^m ' 
which we give in the following lemma. 

Lemma 8.1. Keey the notations and conventions as above. In particular, letl,m G 
No with I + m < n, and write r := I + m. Then there exists a sequence {ek}ki£No ''^ 
M>o converging to such that 

(i) ifleN, then for all v G P{1), 

I 

lim^Aty^ii^^eu) - {q:,qy^'A^{pLq'';aMt)X{pL^^q''\ 

i=l 

and there exists a K E R>o independent of v E P{1) such that 

I 

(8.5) sup \Atr''{'^;ek)\ < KA^pLq'';a,b-t)Y[pL.,q-^ 

keNo ' iJl 

for all V G P(0- 

(ii) ifmeN, then limfe^oo A^)^(j/; Cfe) = for all v G P{1) and 

sup |A^^i(z.;efe)| < 00. 

(i',/c)eP(OxNo 
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(iii) if r <n, then linifc^oo x; ek) = for all x G T"^'", v e P{1) and 

sup |A^J^„^(z/,a;;efe)| < oo. 

(i^,x,k)eP(l)xT"-^xNo 



Before we prove Lemma |8.1| , we complete the proof of Proposition 6.3. As we 
have already remarked in section 5, we have that the infinite sum 

n 

(8.6) (l-q)-"(l,l)2;';= ^''{PLq'';a,b;t)l[pL,q''^ 

ueP(n) i=l 

is absolutely convergent (cf. proof of Proposition 6.1]) and we have 

sup \'mx{pLq'" ,tq^^-(yL ,m^^x\tq^^)\ <oo (A e A), 

where the supremum is taken over triples {v^e,x) with v £ P]^{l:e), e G R>o a-nd 
X G x^^~r^ gy Lebesgue's Dominated Convergence Theorem, (|o|), Q, Q 
and Lemma we thus obtain 

/ n \ 



lim n("^fe''?^' \-e^\af ^■,q)^\{ekq ^) + ^ (mA, m^}t^(,,),t 



V // lim (mAm^)(pL'Z'',efcg ^^a'^,ekq ^^x\ekq ^^)Wf^ (v, x] ek) 



dx 



= 2",i!(g;<z)J" ^ (mAm^)(pLg^)A^(pig'';a,5;t)nPL..9''' 

i/eP(ri) i=l 

= 2"n!(l-9)-"(9;9):,'"(mA,m^)^:', 

for some sequence {efcjfcgNo i^i 1R^>0 converging to 0, where the sum in the second 
line is over four tuples (r, I, m, v) with r G {0, . . . , n}, /, m G No with ^ + m = r, 



and v G ^'(O- So for the proof of Proposition |6.3| , it suffices to prove Lemma 3.1 
We use the following elementary lemma. 

Lemma 8.2. Lemma 3.1] For given eo G M>0; we set ek ■= eoq'^ ■ 

(a) Let c G C. For eo G M>o with |c|eo {q'~'};gNo there exist positive constants 
> which only depend on eo and \c\, such that < \(^cek'.,q) ^\ < for all 

A; G No . Furthermore, we have lim^^^oo (ccfc ;q) = 1 . 

(b) Let a,b € C* , and set 



.7) /^w(^;^^^)^= ^i,^i,,„,.T ■ a,mGNo). 



Let eo G M>o such that fo^l^l ^ {'z'^lfceNo- Then there exists a positive constant 
K > which depends only on eo, \a\ and \b\, such that \f{i^m}{^k', ci,b)\ < K\q''a/b\™' 
for all k,l,m Nq. Furthermore, we have limfe_^oo f{i.m}{^k]a,b) = [q^'a/b)'^ . 
(c) Let Ui, Vj G C* for i G {1, ... , r}, j G {1, . . . , s} and assume that r < s, or 
that r — s and \ui . . .Ur\ < \vi . . .Vr\- Set 
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Let Co G M>o such that £Q^\vj\ ^ {q'}iez for j G {1, ■ ■ • ,s}. Then there ex- 
ist a positive constant K > which depends only on eo, \ui\ and \vj\, such that 
suPfcgNo l5(^'c)l — ^- Furthermore, we have Ihnk^oo gi^k) = 0. 



The proofs of (b) and (c) are based on the formula (4.3) for g-shifted factorials. 
See Lemma 3.1] for details. 

We proceed with the proof of Lemma 8.1. We use the notation ek := eoq'^ for 
given eo € IR>o- 
(i) By (3.5) one has 



with Sd given by (3.7) and Wd given by (3.9). By (3.7) and (6.1C), we have 



(8.10) 
with 

(8.11) 



6dipLie)qn^F,i,y)G,iu;e) 
Gi(i/;e):= [] 

l<i<j<i 



for V S P{1), where vq = Q and t = q^ . By applying ( [1.3| ) to the g-shifted factorials 
in the denominator of Fi and using the formula 



(8.12) 
we obtain 

(8.13) 



i=l 



3/' 



l<i<j<l 



where Sqj (6.9) is the interaction factor for the weight function of the little q-Jacobi 
polynomials. On the other hand, we have for i = 1, . . . ,1 hy (3.9), 

(8.14) {-e-'qt'-\-e-'qaf-';q)^WdipL4^)q''-,PLA^V'-')^hAi^)Ji4''-^^) 
with 

{t'-^q-^^-^+^aby'-''"' 



{q,qhP-^q-^-q)^{q-q)^^_^^_^ 
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(here vl (6.8) is the one- variable weight function of the httle g-Jacobi polynomials) 
and with Ji.i(z^; e) given by 



{e-\^+^-^-H^--^-q)^^_^^_^{~e-H--^q-q)^^_^{-e-^at--\-q)^^ 

(l-e-2^i+2--t2»-2) 
■(l-e-2qi+2i^»-ii2'-2)- 

So we have by (|||), ( |8lo|) , (|]l|) and (|I|), A^J^^(i/;e) = Mi{v)Ni{v;e) for 
e e M>o and v ^ PL{l\e) with 



Afi(!.) :=^i(j.) J|/i,,(i/) 

i=l 

(8.15) =A^(p^g^)(<z;g)-^'ta)n(t-2U-)«-i)-(f-ig^.-.+i„5)-— 

1=1 

l<i<j<i 

(A^ given by (|6.7D) and with 

i 

Afi(z/;e) :=Gi(z/;e)[] Ji,,(i.;e). 

4=1 

Now replace the factor (— e^^at^-^g; q)^ in Ji^i{v\ e) by 

for z G {1, . . . , Z}, then Ni{i>; e) can explicitly be given by 

(8.16) Niii^;e) = Nliiy;e)NUi^;e)NUi^;e) 
with 



(8.17) 



iq-'^^-i ^ -et^-'q-^i-^ , -eat^-^q-"--^ ; q) ^ 



i<'i<j</ 

if J/ G Pl(J'i e) and zero otherwise, 

I / (^-2^1+2.._i^24-2^_g-1^^4-l^l + .._i. N 



(8.18) 



\ y (e-25-it-*-igi+i^.-i^_e-ia-iii-igi+'>.-i;g)^ _^ 

(g-2^1+2..^24-2.g)^ \ 

■(e-2qi+2i^.-it2'-2.^j I 
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if G PlII', e) and zero otherwise, and 



.19) 



if G Pl{1\ e) and zero otherwise. For the factor Nl we have for generic eg > 0, 
(8.20) lira Nl{v\ek) ^ I {v ^ P{1)) 



k — >C30 



by Lemma 8^ (a). For the factor Nf we can use Lemma ^^(b) to calculate the 
limit. We obtain for generic Eq > 0, 



.21) 



k — ^oo 



for all V G P{1)- As a n example, let us calculate explicitly the limit of a factor of 
Nl, using Lemma 3.2(b). Consider the factor 



.22) 



Nl'\v-e) := 



(e-2ql+2.,-li2»-2.g) 



of N^iv] e) for some i G {1, ... ,1}. Then for generic eg > 0, we obtain by Lemma 
[2|(b), 

(8.23) 

lim Nl''^{v;ek)= lim Nl''^{v;ek+^^) 
= lim Nl^\i,;q'"ek) 



Similarly, one deals with the other factors of and one obtains ( ^.21 ). Finally, 
we have for generic eo > 0, 



(8.24) 



since 



.25) 



lim N!{,.;ek)^r\i^t'^'''''q-'-'+T" 



i=l 



l<i<j<l 



i=l 



J2 {^^P{1)). 

l<i<j<l 

We thus obtain for generic eq > by ( pl6| ), ( |8^ ), (|3lJ) and ( f^ . 



.26) 



k — >-oo 



i<j<j"<; 
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for all V e P(l). By ( p^ and (|^ we obtain for generic eo > 0, 
lim Aff'^(i.;efe) = MiM lim 7V^(z^;efe) 

A: — »oo ' /c — )-oo 



for all V e where is given by (|^) and \v\■.^v■Y^ + vi for v G P(Z). 

To prove the estimate (8.5), we use the estimates of Lemma 8.2 (a) and (b) for 
(factors of) iVi. For we use Lemma 8.2(a) and the condition that l>S\[y\ e) = 
\i V ^ PL{l;e) to prove that sup^ j, \Nl{i';ek)\ < oo for generic eq > . Indeed, 
since v £ PlQ-', e) implies e < 55+'''^ we have for eo > , 



.27) 



sup \Nl{v;ek)\= sup \Nl{v]<ikq''')\ < 00 
(i/,fc)eP(OxNo (i/,fc)eP(OxNo 



by ( |8.17| ) and Lemma |8.2|(a). 

For Ni{v, e) we want to establish the estimate 



(8.28) 



sup \Nl{v;e,)\ < if^^ Hl?""^^'*^"'"'!^!)"""" 



for generic eo > 92 with Kf > independe nt o f e P{1), in view of the limit ( S.21 ). 
This can be done with the help of Lemma ^. 2 | (b) . As an example, we consider the 
factor Nl''^{h'; e) ( S.22 ). In view of the limit ( |8.23| ), we want to prove the estimate 

sup \Nl^\>y;ek)\ < Kl-^{q-'^-H^-^\b\y'-''-' 

fcGNo 

for generic eo > with Kl''^ > independent of e P{1)- This follows for generic 
Co > q^ , using the fact that Nl''^{i'; e) = if 1/ ^ Pl{1', e), by the estimates 

sup \Nl'^{i^;ek)\ = sup \Nl'^ {1^; q"' ek)\ 

feGNo ' " 



fcGNo 






= sup |/{^^ 






fcGNo 




< sup 






feeNo 




< Ki'^{q''^- 







with K\i'^ independent of v by Lemma p. 2K b). Similarly, one deals with the other 
factors. 

For A^f , we want to prove that 



(8.29) 



sup \Nl{v;ek)\ <ifi^ nK'^^'^?""^^')""' 



l<i<j<l 



for generic eo > 92 with Kf > independent of G ^(0; view of the limit 
(^.24|). This follows by straightforward estimates, using (|4.3|) and the fact that 
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Nf{i^; e) = if ^ e). Hence by dsl^ ), (|^, (|^) and we have the 

estimate 



(8.30) 



keNo 



i=l 



l<i<j<l 

for generic eq > 9^; with /^i > independent of G -P(07 so in particular, 



sup |Afr''(f^;efe)l = iMiHI sup |iVi(i.;efe)| < KA^ipLgnUpLM"' 

keNo ' feeNo f^-^ 

with K > independent of G ^"(0- This completes the proof of (i). 
For (ii), note that SdpLie)','^^) {Sc given by ( ^.12 )) can be rewritten as 



l<i<l 

l<j<m 



(8.31) 



n 



{-e-^aqp-\ -e~^a-H^'^ ; q) 



\ [-e-^aqti+^-\~e-^a-Hi-^+^-q)^ 

{-e-^aq^+''H^+^-^,-e-^a-^q''H^-^+^-q)^^^_^ 



n 



0<i<!-l \ ^ ' ^ '^/l/i + i— 1/; 

l<j<m 



where i/Q = and t = q^ . By the explicit expression for A^'^) (3.5) and for the 
parameters tj^ (e) ( |6.10 ) we then obtain 

(8.32) A^fi'(^;6) =iVjiV|(^;6)7V|(6)7V4(^;,) 

with 



A.] n 



^^•^ {q,aqt'-\a'H^~'-q) 



oo l<2<j<m 



(-ea-ife^i-J, ~eabqV-^\q) 



ii V a Pl{1', e) and zero otherwise, 



4 (-e-it'-J+ia-i;g) ' 

J — 1 V ' ^/ oo 



l<j<m 

ii 1/ € Pl{1', e) and zero otherwise. We have for generic eo > qi , 

lim iV|(i/;efc) = 1, sup |7V|(iy;efc)| < oo 

k^oc (i/,fc)eP(OxNo 
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by Lemma |8.2| (a) and by the fact that iV|(i/; e) ^ ii v ^ Pl{1; e), 



hm Nliek) = 0, sup \Nl{ek)\ < oo 



by Lemma |8.2| (c) since < a < 1/q, and 



hm N^{v; €k) = t^™l''l, sup \N^{v] efc)| < K^t^'^^''^ < K. 



with K2 > independent of G by Lemma 8.2(b) and by the fact that 

A^|(i^; e) = if !/ ^ PL{l;e)- This completes the proof of (ii). Remains to prove 
(iii). We can use the exphcit formulas for the weight function A (2.6), (2.7), ( ^.8[ ) 
and for 5c ( 3.12| ) as well as the definition of tj^ (e) (6.1C ) to give an explicit expression 
for A^^J^(i',x;e). This explicit expression can be written as 

A^fi(^, x; e) = N^ix)Niii., x; e)7V|(x; e)iV|(i., x; e) 



with 



(8.33) Nl{x):^5{x-t)5c{a^-x)\{ 



i^i V '72a;i,-92a;^ \-g2aa;i,-g2aa;- ^;q) 



if Di{m]t^{e)]t) 7^ or to = and zero otherwise, where 5 is given by ( |2.8D , 
(8.34) iV3^(z.,x;6):=n ^ . , 1 ! , _i , (< = 9^) 



{ebqixj,ebq2Xj ^]q) 



li V E Pl{1\ e) and zero otherwise, 

'^Z- (-e-^qt'-+'-\-e-\aV+'-\e-^q^x„e-^q^x-^;q) 
(8.35) A^Kx; e) :^ \{ \ % / ' 

and 

(8.36) 



Ni{,,,x;e):= [] 



0<i<i 

1 < J < n — r 



if e PL{l\e) and zero otherwise, where — 0. We can proceed now as in the 
proof of (ii). Note that A^3 is bounded on T"-'". For it follows from Lemma 
3j (a) that limfc^oo Nl{v, cc; e^) = 1 for all v € P{1), x € T""'' and that 



sup 

(i/,a;,fc)eP(OxT"-'-xNo 



\Nl{y,x-€k)\ < 



for generic to > q^ . By Lemma |8.2| (c) and the fact that < a < 1/q, we have for 
generic eo > that limfe_^oo Cfe) — for all x € T""'" and 

sup \Nl{x;ek)\ < 00. 

(2;,fe)GT"-'-xNo 



Finally, we can use Lemma 8^(b) to prove that Wmk^ao x; ek) — i^^" 

for aU V e P(0, X € T""'' and that 

\Nl{iy,x;ek)\ < 00 



sup 

(i',2;,fc)eP(;)xT"-'-xNo 



for generic eq > <? ^ • This completes the proof of (iii) . 
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9. Proof of Proposition 7.4 



We first give a new expression for the weiglit appearing in tlie definition of 
Lemma 9.1. The weight S (C*)""'""'^ can be rewritten as 



(9.1) 



forj = 0, 1, 



_/ ,n ej-t^+^-^c/d) -pT 

i=l 



1 



t^-'d/c)e{~Pc/d) fj^ 9{-t^-^c/d) 
^^-2.^((„-,)(^)+a)+("-))^-(^)-("-) 

^^-2r(j(n-i) + (^2))-j^-2r("-^)+j-n 



Proof. For j = 0, (DJ) follows from ( [7.81 ) since = csd B.j with ds^o = 1- For 
J G {1,... 1?^}, write CB,j for the right hand side of (9.1), then by the explicit 
expression for dsj it remains to prove that 



CB, 



CB,j-l 



n **(-^ 



d/c) 



m— j + 1 



for j G {1, . . . , n}, with given by ( |7.6| ). This follows by a direct calculation. □ 



The proof of Proposition 7.4 is similar to the proof of Proposition |6.3[ Again, we 
indicate the main steps in the computation. We freely use the notations of previous 
sections. We fix in this section (a, 5, c, d) G Vb with a,b^ 0. The conditions a,b ^ 
are not essential; with slight modifications, the proof goes also through when a = 
or 6 = 0. 

For e G M>o we set p_Bj(e) := tB,o{e)t^^^ = {qc/d)"^ e~^P~^ and (jB,j{e) '■= 
tB,i{e)V^^ — —{qd/c)^e'^t^^^ for j G Z, where t^ie) is given by ( 7.14 ). Then we 
have for e > sufficiently small, 

Fir;ts{ey,t) = [j Do{l;ts{e);t) x Di {m\tg{e)]t) C C 

l + m = r 

i,meNo 



(9.2) 



where F{r) is given by (5.3) and 

Do{l;ts{e)-t) = {pB{e)q'' \v ^ ^^^(Z;^)}, 

(Z;e) := G P(0 | |pB.(e)9''' I > 1}, 
if Z > 0, respectively 

D^{m-ts{e)-t) = {aB{e)q''\ve p'i\m-e)], 



(9.3) 

if TO > 0. We write 
(9.4) 



P'i\ni-e) ~ {u G P(m) | |aB,™(e)<z'''" | > 1} 



\{{-e-\f~'-,q)\ ((cd/g)ie)l'l + l'^l(TOA,TO^),^(,),, 



E 



r.L.m.u.u' 



(toato^) (psg", crsg''' , [cd/q) = ea;|(cd/q) ^ e) >Vj^„.^(i^, i^', x; e) 



da; 

X 
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(9.6) 



where pB,i '■— ct^^^, aB,i —dV^^ and m\{z\u) is given by (6.12), and the sum 
is over five tuples (r,l,m,h',i'') with r G {0, . . . ,n}, l,m £ No with I + rii = r, 
ly € P{1), v' G P{m), and with the renormalized weight yV^m-ri'^- ^' ^) given by 

i-n ^^ lAjS / ' ^ ^ ~ ^ ~^ aAWB / i \f.AWBt ' \ 

(9-5) V\'i,mA^^ ^ ,x]e) := {2-Ki)^-r i-'-™ ^ ' ^)^2,z,m (i^) , a;; e) 

when r = I + m, with 

A^r™^(i^,^';e) (^n(-e"V-^g)^j S,{pB{e)q'';aBie)q^') 
.A^'^) (pB(e)<z''; iB,o(e)) Af'^) (as(e)/ ; ti3,i(e)) 
if e f4°^(Z; e), I/' G P^B \m; e) and zero otherwise, 

71 — r 

A^-f(.,.',x;.):=nH-V^+^-^.)^ 

■A(a;;tB(e);i)(5c(ps(e)(7'';x)(5c(CTB(e)g'' ; x) 

if 1/ G P4°^(Z;e), I/' G P'i\m-e) and zero otherwise, with 5c given by ( p^ . We 
use the obvious conventions when ^ = 0, TO = Oorr = n (compare with the 
little q-Jacobi case in section 8). In particular, we have A^}^^j(i^, j/'; e) = 1 for 

G Pij°^(;;e), v' £P'j^\n-l]e) and ^ G {0,... ,n}. 

We will use Lebesgue's Dominated Convergence Theorem to pull a limit [ 
in the right hand side of (9.4) through the integration over x G T"^*" and through 
the infinite sums over v G P{1) and v' G P{m) for some sequence {ei:}i;gNo ^>o 
converging to 0. We use the following lemma. 

Lemma 9.2. Keep the notations and conventions as above. Let l^m, G Nq with 
Z + m G {0, . . . ,n} and write r :— I + m. Then there exists a sequence {ckjkGfio ^"^ 
K>o converging to such that 
(i) for all V G Pil), v' G P(m) we have 

I m 

lm^At^^{,y,,.';e,) = {q; q)^'' cb,iA^ {pBq^ , <JBq-' )]lpB,^q^'' H 

i=l 3 = 1 



d there exists a K E M>o independent of v £ P{1) and v' G P{m) such that 



an 

I m 

sup \AtZ^{,.,,.';ek)\ < KcbA"" {PBq'\^Bq''')X{pB,^q''' H \^B.Aq'''^. 
for all V G Pil) and all v' G P{m), where A^(z) = A^{z]a,b,c,d]t) is given by 

(O)- 

(ii) if r < n, then Wuik^oo A^^J^ [v,!^' , x; ek) = for all v G Pil), v' G P(to); 
X G T"-'' and 

sup \A^J^^{v,v\x;ek)\<^. 

{k^y ,x)£NoxP{l)xP{m)xT"-'- 
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Before we prove Lemma |9.2| , we complete the proof of Proposition 7.4. As we 
have aheady remarked before, we have that the infinite sum 



(9.8) CBA''{PBq''.^Bq''')\lpB,^q'''\{\crBM'^ 

{v,v' ,1) i=l j=l 



is absolutely convergent, where the sum is taken over the three tuples {v, v' , I) with 
I' e P{1) and i^' e P{n - I) and I e {0, . . . ,n}. Since 

sup \mx{pBq'' T^rBq" , {cd/q)^ ex\{cd/q)^ e) \ < oo, 

where the supremum is taken over the four tuples {iy,h'',x, e) with ly e P4"^(/;e), 

ly' G Pg \m; e), a; £ T"~ '' (r = l +m ) and e > 0, we obta in b y Lebesgue's Dominated 
Convergence Theorem, (6.13), ( |9.4[ ), (9.8) and Lemma 9.2 

,1™ (fli-'^'qt'-'-^q)o}\ ((cd/g)^e.)'"^'"'("^A,m,),^(,,), 



\i=l 

2"n! 



n — l 



{q'->q)oo 1=0 ueP{i) i=l 3 = 1 



for some sequence {efejfegNo in ]l^>o converging to 0. So for the proof of Proposition 



7.4, it suffices to prove Lemma |9.2 
Proof of Lemma |9.2| 



Using the explicit expressions for A^"*) ( |3.5| ), (5c ( |3.12| ) and ^.^(e) ( [7.14 ), we can write 

(9.9) Ai^l^„f (j., z.'; e) U„{y, v'- 1, m)U+{e- v'- 1, m)U^{e; v'- 1, m) 

with Uo, U+ respectively C/_ the factor of A^J^ consisting of products of q-shifted 
factorials of the form (e; q) , (e^e; q) respectively (e~^e; q) (s G No U {oo}). By a 
straightforward computation, the factors Uq, [/+ and U- can be explicitly given by 



(9.10) 



f/o(i', v'; I, m) I] a, b, c, d)4'o(i'', m; b, a, c?, c) 



!<!<! 

l<j<m 



if (z^, z/') G Po(Z; e) x Pi(m; e), and zero otherwise, with t = q^ and with 
^a{iy,l;a,b,c,d) Fi(i/) 

(9.11) 



f-J^ {q, -t^-'q-'''-^d/c,aP-^q'''-^+^, -bP-^q'^-^ + ^c/ d; q) ^ 



n 



=1 {q,-P-^q-^-^+^c/d-q)^^_^^_^{abP-^q-^-^+^Y 
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where 1^0 = and Fi(i>) is given by (S.ll), and 
(9.12) 



C/+(e; V, v'; I, m) :=^'_|_(e; v, I; a, b, c, o?)^'+(e; v' , m; b, a, c?, c) 



l<i<l 

l<j<m 



if {1^, u') e p''b\1\ e) X Fij'^(m; e) and zero otherwise, with 



(9.13) 



and 



(9.14) 



*+(e;z/,/;a,5,c,d) := J| 



-i) „-2i/i_i-l 



fj-^ {e^at^'-'q-''--^d/c, -e'^bt^-'q-"^-^ ; q) 



i<i<i<; 

U-{e; v^] Z, m) := (e; j/, ^; a, 6, c, (i)5'_(e; z/', m; 5, a, d, c) 



n 



Li {-e-^qV-^-q) 



00 / l<i<! 

l<j<m 



if (z/, v' ) G Pi°^(?;e) X P^'^(m;e) and zero otherwise, with 
vI'_(e;z.,Z;a,6,c,rf) :=[] ^ ^ '^^^ 



>(i) 



(9.15) 



n 



Li (£-2i2(»-l)^2^._i + lc/d;g)^ 

^ (e-^a-ifi-igi'.-i+ic/d, -e-26-it'-ig''.-i+i;g)^ _^ 



For given eg G M*, we write efc :— eoq''. Then for generic eo > we have 

hm [/^.(efc; z^, t/'; to) — 1 



(9.16) 



fe^c 



for all £ P(0 x P(m) by Lemma |||(a). By (||25|), we have for generic 

eo >0 



hm 



k — 'oo 



(9.17) 



l<i<j<l 
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for the factor of in the third line of (9.15). The factor of U- in the second Hne 
of (9.14) can be rewritten as 



n 



(9.18) 



OO j l<i<L 

1<^ <m 



l<i<l ^ ' 

l<j <m 



It follows then from ( |9.14| ), ( ^.15| ), ( ^.17[ ), ( |9.18[ ) and Lemma U(b) that for generic 
eo > 0, 

(9.19) lim U-{ek; v'- 1, m) = t™l''l+'l'^'l^^(;y, I- a, b, c, d)^"^ {i^' , m; b, a, d, c) 



k — >oo 



with 



(9.20) 



*!f(i^,/;a,6,c,d) ■.^l[{f-'q'''-'+^aby'~''-'qi2 )t(-i)-.-i 



i=l 



i<i<i<; 

We will rewrite now Uq in the form 

.Co(i^, v';l, m)A^{pBq'^, crBq" ; a, b, c, d; t) 

and we determine the factor Cq{v,v' ]l^m) explicitl y. U sing ( [7.9[ ) and the formula 
9{x) = 6'(ga;^^) f or th e Jacobi theta function 9{x) {T/T), we can rewrite the factor 
'^Q{v,l;a,b,c,d) ( 9.11 ) as 

*o(j^,^;a,6, c, d) = i^i(z/) 



(9.22) 



n 



VB 



{pB.^q•'^;a, b, c, d){f'-^c/dp-^qi""i^') 



LJf 9{-t^-H/c){q-^+H^-^;q)^{q; q)^^_^^_^ [abt^-^q-^-^ + ^Y^--^ 



where vb (7.4) is the one- variable weight function for the big g-Jacobi polynomials. 
Since VB{—dx; a, b, c, d) = VB{dx; 5, a, d, c), we obtain from (|9.22D 



*o(i/',m;6,a,d, c) = Fi(zy') 
(9.23) " VBiTB ^q"'^ ; Q, c, d){p-^d/cr'^-^q('^''-i*') 



\e{-t^-icld){q'''^ + h^-^;q)^{q-q)^,_^. {abt^-^q^:,-^ + 'p-'^U 
The factor Fi {v) (^.ll[ ) of ^o(^^7 1', o., b, c, d) can be rewritten as 



(9.24) 



L (ql + ..-^',-l;g) 



9 ^ " "^1)00 ^-2{l-i)ui 



l<i<j<l 
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for V G P{1) where 5qj is given by ( |6.9| ) and t = . This fohows from (8.13) since 
'5gj(pBg") = c'^'-^^^KiipLq") for V e P{1) (here pL,^ = i'^^). Similarly, we have 
for the factor Fi{v') of ^'o(i^', b, a, d, c), 



(9.25) 



since SgjiaBq"') = d"^^"'-^^^ S^jipLq""') for i/' e P(m). 
Finally, we set for z — {zi, . . . , z^) with r := Z + to. 



l<i<l 
/+l<j<r 



then the factor of [/q in the second line of ( |9.10[ ) can be rewritten as 

n {-e-W^-^'.c/d, -t'-^q^'-'^^d/c-q)^ 



(9.26) 



l<i<l 



^LjiPBq" .(TBq" W 



n 



ei-t'^-^c/d) 



.1 e{-Pc/d){cP'^q^^) 
for G P(/) and G P{m), since we have for i G {1, . . . , I}, j G {1, . . . , to} that 

^^e-Jq-^-'^',c/d,-t^-^q^'^-^^dlc;q)^ 
(9.27) 9{-t'-^c/d){-p-''-^q^+'''^-''^d/c;q)^ 



6{-P-i + ^c/d){-p-'+^q'''^-''^d/c] q)^ 



-{l + t^-'q^'^-^^d/cji"^-'''^ 



(formula ( |9.27| ) follows from a straightforward computation using (4.3), (7.9) and 
9{x) — 9{qx^^)). Since we have 

SqjipBq" .cFsq'' ) = 5q,]{pBq'')5q.j{(7Bq'' )~5\j{pBq'' , cF Bq" ) 

for V G P{1) and v' G P(to), we obtain from (Q, ( |9lo| ), (||22|), ( |9^ ), ( ^^ , 
(|^) and ( |9.26D that ( |9.21| ) holds with 



(9.28) 
where 



.Co(i', ^; a, 6, c, (i)Co(i'', m; 6, a, c?, c) 



(70(1^, /; a, 6, c, d) q-2r^(3)c"2(^)r 

1 

i<j<j<; 
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We have by Lemma 9.1 (with n in the right hand side of (9.1) equal to r = I + m 
in this situation) by (|j|), (|]l|), ( |9.19D , ( |9.2lD and ( |9.28D that for generic eo > 0, 



hm A^YJ^{iy,iy';ek) ^ Uo{i^,iy';l,m) hm U-{ek;i^,v';l,m) 

k — >OQ ' ' k — >OQ 



(9.30) 



= (<?; q)^ "^CBjA^ipBq", (^Bq"' ]a, b, c, d; t) 
■Eiv, I; a, 6, c, d)E{v' , m; 6, a, c?, c) 

for V e P{1) and v' £ P{m), with 

(9.31) E{v, Z; a, 6, c, d) := q2^'(3)t(2)c2(2)^+'C'o(i/, a, 5, c, d)^'!°(zy, a, 5, c, d). 
By (|9.20|) and ( |9.29| ), we obtain 

i;(:., a, 6, c, d) = c'i(^)gl'^l = [] pB^.q"' , £ P(0- 

1=1 

In particular we have £{1^' ,m,;b,a,d,c) — Y\"=i WB,j\q"^ for v' G P(ni), hence by 
( P^ ) 

^lnnA^^J^^^(j., :.';£,.) = (q; g)^"^CB,^A^(ps(7^ a^/) J] ^.g"^' 11 I'^^.^ l'?'^^ 

i=i j=i 

for all G -P(Oj G P{m). To complete the proof of Lemma |9.2| (i), it suffices to 
prove that for generic eo > max((qc/(i) 2 ^ [qd/c]'^^, 

I m 

sup |Af frf (^^, i''; efe)l < KcBA^iPBq", ^Bq""' ; a, c, d; t) J] Ps.^?'' H l^s j 

for all V G P(Z) and all v' e P{m), with iiT > independent of and . This 
can be proved by similar arguments as in the little (7-Jacobi case (see proof of 
Lemma 8.1(i)). In particular, the estimates for almost all factors of A^j^ can be 
obtained from one of the three estimates of Lemma 8.2. Only for the factor in the 
third line of the expression of (9.15) one needs a seperate argument to establish 
the desired estimate. We may assume that this factor is zero unless v e Pg\l;e) 
and ly' £ Pj^\m; e). Since we have the limit ( |j.l7| ), we would like to establish the 
estimate 



sup 



n:=i(-^r<z^ 



2„+4-l. 



{fc6No|t/GP^''>(i;efc) and i^'eP4^'(m;efc)} 

< i^'ng(""2^^)t('-l)^'- n {t'^'-'q''-'+''^^'c/dy"'-'''q-(''''"^'-') 

1=1 l<i<j<( 

for some K' > independent of v £ P{1) and v' E P{m), for generic eg > 
max {{qc/d)^,{qd/c)i). This can be done similarly as we have done for the fac- 
tor Ni ( |8.19| ) in the little g-Jacobi case. 

The proof of Lemma |9.2|(ii) is similar to the proof of Lemma 8.1 (iii). 
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